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Summary

Summary

When a reactive fluid flows through a catalytically active packed bed, complex chemical and
physical phenomena take place on different scales of the reactor. On the smallest,
intraparticle scale the reactants diffuse, adsorb and react on the active surface of the catalyst
and then desorb and diffuse back to the bulk of the fluid. Convection is the dominant
mechanism of heat and mass transport in the external fluid. The flow pattern is extremely
complex due to the presence of the packing, which, together with diffusion and heat
conduction, leads to the material and heat dispersion.

Exact description of the mentioned interrelated phenomena is virtually impossible and
simplified mathematical models written in terms of average quantities and containing
effective parameters are used instead of the fundamental equations of change. Usually, these
mathematical models consist of the conservation equations in which the dispersion fluxes are
represented in form of Fick and Fourier laws. This approach leads to the conventional
standard dispersion models (SDM). Despite extensive investigation and attempts to justify
and validate the application of different SDM, there is still no universally accepted model and
the subject is still subject for debate.

The complexity of the real processes taking place in packed bed reactors not only leads to
difficulties and uncertainties with their mathematical description, but also to problems with
the numerical handling of the resulting equations. Therefore, the numerical treatment of the
packed bed model equations has been studied and a robust and efficient software package for

packed bed reactor modeling has been developed.

In this thesis predictions by the recently proposed wave models and the SDM have been
compared for several industrial processes in order to indicate the range of applicability of the
models and to identify the most important parameters effecting the differences between the
models. A significant part of the thesis is devoted to the numerical treatment of the packed
bed model equations. A user-friendly software package including conventionally used and

novel wave models has been developed.
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SDM versus wave models

The capabilities of the SDM have been investigated based on two industrially important
processes: ethylene oxidation and oxidation of methanol to formaldehyde. The first process
carried out at operating condition considered in this work showed relatively small variations
of temperature and concentrations in the reactor and all the applied models produce very
similar results. In contrast, mathematical modeling of methanol oxidation process revealed
large variations of the temperature and concentrations in the reactor and different models
predicted very different results. Moreover, the SDM was able to describe pilot plant
experimental data only by assuming a temperature dependence of transport parameters, which
does not have any fundamental justification. In addition, the SDM cannot capture basic
phenomena in the packed bed such as propagation of a tracer injected in a flowing liquid
(Hiby, 1963 and Benneker, 2002).

A new wave concept proposed by Westerterp et al. (1995) and Kronberg et al. (1999) was
applied by Benneker et al. (1997, 2002) to describe the tracer injection experiments and
longitudinal dispersion in tubular reactors and produced very encouraging results.

In this thesis the wave models was applied to describe the experimental data for three
processes carried out in packed bed reactors: 1) partial oxidation of methanol to
formaldehyde; 2) synthesis of vinyl acetate from acetic acid and acetylene and 3)
methanation of carbon dioxide.

Partial oxidation of methanol to formaldehyde is accompanied by intensive heat release,
resulting in large spatial variations of the bed temperature (150-200 °C). It has been shown
that the wave model can correctly describe the experimentally data, whereas this particular
process falls out of the range of applicability of the SDM.

The second process, the synthesis of vinyl acetate, also involves both axial and radial
variations of the temperature and concentrations, but the spatial temperature variations are
not very pronounced (only about 10 °C). Both the SDM and the wave model predict similar
results and give a fairly good description of the reported experimental data.

In the third case the dynamic behavior of an adiabatic methanator with mild temperature and
concentration variations in the reactor has been considered. Comparison of the SDM and the
wave model predictions with the experimental data revealed a perfect match of experimental
and calculated temperature and concentration profiles.

Investigation was carried out to determine the parameters responsible for the deviations

between the predictions of the wave models and the SDM. It has been found that they are
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mainly due to the differences in the energy balance equations. The deviations between the
models can be significant even in the absence of chemical reaction. Furthermore, the
differences are more pronounced if the ratio d/d, is small and they are amplified if a

chemical reaction takes place.

Numerical treatment of the packed bed model equations

There are several problems specific for packed bed model equations. The system usually
contains a large number of equations and a large number of source terms (the reaction rates).
The source terms may have very different characteristic times, which results in a stiff system of
differential equations. Furthermore, the model equations usually involve diffusion-type terms,
implicit discretization of which gives sparse matrices. The sparsity of matrices should be
properly addressed in order to construct an efficient numerical solver. Since convection is the
dominant mechanism of material and heat transport, special care should be taken to ensure an
accurate and reliable resolution of the convection terms. This is especially important for the
wave model equations, since they do not contain diffusive terms. When developing the
algorithms for the numerical solution of the model equations it was kept in mind that all the
problems mentioned above should be addressed simultaneously, so that each individual method
that treats specific phenomena should be sufficiently robust and efficient to solve the problem
at hand and simple and flexible enough to allow its incorporation with the other numerical
techniques.

To solve stiff systems of differential equations a method based on the powerful Newton-
Kantorovich approach and accompanied with a simple but effective time step control has
been developed. The method is capable of solving extremely stiff problems with a stiffness
ratio of order 10”.

To efficiently deal with the large number of differential equations it is proposed to introduce
key components for each reaction and solve the equations in terms of these new variables
instead of the original concentrations. Among others the beneficial features of the proposed
method are: 1) Automatic selection of linearly independent components from the set of all
components. Conventionally this is done by extraction of a linearly independent submatrix
from the matrix of stochiometric coefficients, which is quite a formidable task if more then 7-
10 reactions are involved. 2) Solution of the minimum possible number of differential

equations, which is equal to the number of reactions.
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A new technique has been proposed to efficiently solve heterogeneous model equations. The
technique significantly reduces the required computer resources and simplifies the
implementation of numerical methods by decoupling the fluid and solid phase equations in
such a way that the large system of finite-difference equations is solved in two consecutive
steps. In each step a much smaller system of equations is solved.

Considerable attention has been devoted to the discretization of the convection terms and
incorporation of the diffusion and source terms and the boundary conditions into the
numerical scheme. To assure the reliability of the constructed method, a list of necessary
conditions, reflecting the physical and mathematical features of the system, has been
compiled. It has been demonstrated that violation of any of theses conditions may result in
inaccurate, unstable or, what is the worst, fake but reasonably appearing solutions. The
method is based on the essentially non-oscillatory (ENO) reconstruction of the numerical
fluxes and allows efficient incorporation of the source and diffusive terms and the boundary
conditions. Due to the characteristic decomposition used in the discretization the technique
has been extended with relative ease to two-dimensional packed bed reactor models.
Robustness, accuracy and efficiency of the method in capturing very steep (or discontinuous)
profiles and extrema points, and the advantages in the implementation of the method have
been demonstrated in comparison with most often used methods.

Very often in chemical engineering problems the region of sharp changes of temperature and
concentration profiles is very narrow (e.g. combustion zone). Nevertheless, the size of all
computational cells in an equidistant grid is dictated by the cell size in this region. This leads
to excessively small cells in other regions. To enhance the performance of the proposed
method a mesh adaptation technique has been developed. The technique extensively uses
information calculated for the ENO discretization and thus does not involve much additional
calculations. A crucial feature of the proposed technique is that it does not spoil any of the
beneficial properties of the ENO scheme. Furthermore, the possibility and relative ease with
which the multidimensional grids adaptation can be achieved is undoubtedly another essential

merit of the proposed technique.

Software developed for packed bed modeling

The numerical techniques presented in this thesis, along with many conventionally used
techniques, have been implemented in the software package “PackSim” — a package

especially developed for the mathematical modeling of packed bed reactors. The core of the
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package consists of computational units solving certain types of equations by finite-
differencing. The computational units are embedded in a graphical user-friendly interface. A
user is provided with a number of classical continuum models of different complexity as well
as the novel wave models. An arbitrary number of components and arbitrary reaction rate
expressions can be treated with each model. The necessary transport parameters can either be
calculated within the program using embedded correlations or supplied by the users. The
package i1s developed for both experienced researchers and users with only basic knowledge

of packed bed reactors.
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Samenvatting

Waneer een reactief gas of vloeistof door een katalytisch actief gepakt bed stroomt, vindt een
aantal complexe chemische en fysische processen plaats op verschillende schaalniveaus. Op
de kleinste schaal, binnen in de deeltjes, vindt diffusie van reactanten plaats, die vervolgens
reageren op het katalytisch actieve oppervlak. Gevormde producten desorberen van het actief
materiaal en diffunderen uit de deeltjes naar het omringende fluidum. In de omringende
fluide fase is convectie het belangrijkste mechanisme voor warmte- en stoftransport. Het
complexe stromingspatroon binnen de pakking zorgt, samen met diffusie en warmtegeleiding,
tot dispersie van massa en warmte.

Een exacte beschrijving van alle, onderling gekoppelde fenomenen is welhaast onmogelijk.
Mathematische modellen voor de beschrijving van gepakte bedden beschrijven de processen
in termen van gemiddelde waarden met behulp van effectieve transportparameters in plaats
van de fundamentele behoudsvergelijkingen. Gewoonlijk bestaan deze wiskundige modellen
uit behoudswetten, waarin de dispersie-fluxen worden berekend volgens de wetten van Fick
en Fourier. Deze benadering leidt tot de conventionele standaard dispersie modellen (SDM).
Ondanks het vele onderzoek en de talrijke pogingen om de aannames, gemaakt in het SDM,
te rechtvaardigen en te valideren, is dit model nog steeds niet algemeen aanvaard.

De complexiteit van de eigenlijke processen die zich afspelen in een gepakt-bed reactor leidt
niet alleen tot onzekerheden in de wiskundige beschrijving ervan, maar ook tot problemen bij
de numerieke oplossing van de resulterende modelvergelijkingen. Daarom is binnen dit
onderzoek aandacht besteed aan de numerieke techniecken die worden gebruikt voor het
oplossen van deze vergelijkingen en is een robuust en efficiént software-pakket ontwikkeld

voor de modellering van gepakt-bed reactoren.

In dit proefschrift worden de resultaten van het recent ontwikkelde wave model vergeleken
met de voorspellingen van het SDM. Een aantal industriéle processen wordt hierbij als
voorbeeld gebruikt om aan te geven binnen welk bereik van condities de verschillende
modellen toepasbaar zijn en om de belangrijkste parameters te identificeren die het verschil
in uitkomst tussen de modellen bepalen. Een belangrijk deel van het proefschrift is gewijd

aan de numerieke technieken die worden gebruikt voor het oplossen van de vergelijkingen
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van de gepakt-bed modellen. Er is een gebruiksvriendelijk software-pakket ontwikkeld, dat

zowel de alom in gebruik zijnde conventionele modellen als het nieuwe wave model bevat.

SDM versus wave model

De toepasbaarheid van het SDM is onderzocht voor twee belangrijke industri€le processen,
namelijk de parti€le oxidatie van ethyleen en de oxidatie van methanol tot formaldehyde. De
wiskundige modellering van het eerste, matig exotherme proces (indien uitgevoerd onder de
condities welke worden gebruikt in dit onderzoek), liet zien dat al de gebruikte modellen
sterk overeenkomende resultaten geven. In het geval van de meer exotherme oxidatie van
methanol tot formaldehyde zijn de uitkomsten van de modellen echter zeer verschillend.
Bovendien was het SDM alleen in staat om de experimentele data, gemeten in een pilot plant,
te beschrijven indien de effectieve transportparameters afthankelijk werden verondersteld van
de temperatuur. Hiervoor bestaat echter geen fundamentele verklaring. Een andere
belangrijke tekortkoming van het SDM is dat het geen verklaring kan geven voor eenvoudige
processen in gepakte bedden, zoals de propagatie van een tracer die wordt geinjecteerd in een
stromende vloeistof (Hiby, 1963 en Benneker, 2002).

Benneker paste de nieuwe wave-benadering, voorgesteld door Westerterp et al. (1995) en
Kronberg et al. (1999), toe voor de beschrijving van tracer-injectie experimenten en van
dispersie in de lengterichting in buisvormige reactoren en vond bemoedigende resultaten
(Benneker et al., 1997, 2002).

In dit proefschrift is het wave model toegepast op de beschrijving van de experimentele data
voor drie processen die worden uitgevoerd in gepakt-bed reactoren: 1) parti€le oxidatie van
methanol tot formaldehyde; 2) synthese van vinyl acetaat uit azijnzuur en acetyleen en 3)
methanatie van koolmonoxide.

Tijdens de parti€le oxidatie van methanol tot formaldehyde wordt een zeer grote hoeveelheid
warmte geproduceerd, hetgeen leidt tot grote variatie van de bed temperatuur (150-200 °C).
Het is aangetoond dat het wave model de experimentele data goed beschrijft, terwijl dit
proces buiten de toepasbaarheidsgrenzen van het SDM valt.

In het tweede proces, de synthese van vinyl acetaat, ontstaan eveneens temperatuur- en
concentratieverschillen in radiale en axiale richting, maar hier zijn de variaties gering (slechts
ongeveer 10 °C). De voorspellingen van het SDM en het wave model lopen hier nauwelijks

uiteen en geven een redelijk goede beschrijving van de gerapporteerde experimentele data.
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In het derde voorbeeld wordt het dynamisch gedrag van een adiabatische methanatie reactor
beschouwd, waarin niet te grote variaties in temperatuur en concentraties voorkomen. Het
SDM en het wave model lieten een perfecte overeenkomst zien met de experimentele
temperatuur- en concentratieprofielen.

Onderzoek is gedaan teneinde de parameters te identificeren welke verantwoordelijk zijn
voor de verschillen tussen de voorspelingen van de wave modellen en het SDM. Het is
gebleken dat deze verschillen hoofdzakelijk worden bepaald door verschillen in de
energiebalans. De modellen onderscheiden zich zelfs bij afwezigheid van chemische reactie.
Verder neemt het verschil tussen de modellen toe wanneer de aspect ratio d/d, afneemt en

wordt het versterkt wanneer chemische reactie plaatsvindt.

Numerieke behandeling van de modelvergelijkingen van gepakt-bed reactoren

Enkele problemen zijn kenmerkend voor de modelvergelijkingen voor gepakt-bed reactoren.
De modelvergelijkingen bestaan gewoonlijk uit een groot aantal differentiaalvergelijkingen
met brontermen (reactiesnelheden). Deze brontermen kunnen sterk verschillende
karakteristieke tijden hebben, zodat een ‘stijf’ stelsel van differentiaalvergelijkingen
resulteert. Vervolgens kunnen de modelvergelijkingen diffusie-termen bevatten, hetgeen na
discretisatie leidt tot zeer gering gevulde matrices. Hiermee dient rekening te worden
gehouden bij het ontwikkelen van een efficiénte oplosroutine. Aangezien convectief transport
van massa en energie gewoonlijk dominant is in gepakt-bed reactoren, dient speciale
aandacht te worden besteed aan een nauwkeurige en betrouwbare numerieke behandeling van
de convectie-termen. Met name voor het wave model is dit zeer belangrijk, aangezien het
geen diffusie-termen heeft. De verschillende, hierboven beschreven problemen dienen
tegelijkertijd te worden aangepakt. Elke specifieke oplossingstechniek voor de afzonderlijke
problemen dient daarom efficiént en robuust te zijn, maar tegelijkertijd ook flexibel genoeg
om deze te laten samenwerken met de overige technieken.

Voor het oplossen van stelsels van stijve differentiaalvergelijkingen is een methode
ontwikkeld, die gebaseerd is op de Newton-Kantorovich methode, waarbij de grootte van de
tijdstap op eenvoudige, doch effectieve wijze geoptimaliseerd wordt. De methode werkt zelfs
in het geval van zeer stijve problemen met een ratio in de karakteristieke tijden van 107,

Om op efficiénte wijze te kunnen omgaan met grote stelsels van differentiaalvergelijkingen
wordt voor elke reactievergelijking een sleutel-component geintroduceerd. Bij het oplossen

van het stelsel van vergelijkingen wordt gerekend met deze sleutelcomponenten in plaats van
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de eigenlijke concentraties. De voordelen van deze aanpak =zijn onder andere: 1)
Automatische reductie tot een stelsel van onafthankelijke vergelijkingen. Volgens de
traditionele aanpak wordt een lineair onafhankelijke submatrix uit de matrix van
stoichiometrie-coéfficiénten gedestilleerd, hetgeen zeer omslachtig is indien het aantal
reacties is groter dan 7-10. 2) Het aantal differentiaalvergelijkingen wordt automatisch
gereduceerd tot het minimum aantal, dat gelijk is aan het aantal reacties.

Voor het efficiént oplossen van de modelvergelijkingen voor heterogene systemen is een
nieuwe techniek ontwikkeld. Deze techniek zorgt voor een besparing op de benodigde
computercapaciteit en vereenvoudigt de implementatie van de numerieke methoden door het
ontkoppelen van de vergelijkingen voor de fluide en de vaste fase. Met deze nieuwe methode
wordt het grote stelsel van gediscretiseerde differentievergelijkingen in twee opeenvolgende
stappen opgelost, waarbij het aantal vergelijkingen per stap sterk gereduceerd is.

Veel aandacht is gewijd aan de discretisatie van de convectietermen en de integratie van de
diffusie- en brontermen en de randvoorwaarden in het numerieke oplosschema. Om de
betrouwbaarheid van de oplosmethode te garanderen is een lijst van noodzakelijke
voorwaarden opgesteld, die zijn afgeleid uit de fysische en mathematische karakteristicken
van het systeem. Het is aangetoond dat overtreding van deze voorwaarden kan resulteren in
onnauwkeurige of instabiele uitkomsten, of erger nog, dat oplossingen kunnen worden
verkregen die, hoewel ze op het eerste gezicht redelijk lijken, maar fout zijn. De nieuwe
methode is gebaseerd op het ENO (essentially non-oscillatory) schema voor de reconstructie
van de numerieke fluxen en maakt een effici€énte inpassing van de diffusie- en brontermen en
de randvoorwaarden mogelijk. Dankzij de decompositie in karakteristicke variabelen kan
deze methode eenvoudig uitgebreid worden voor het oplossen van twee-dimensionale gepakt-
bed reactor modellen. De robuustheid, nauwkeurigheid en efficiéntie van de methode voor de
beschrijving van extreem steile, of zelfs discontinue profielen zijn aangetoond, evenals de
gemaksvoordelen van toepassing ervan ten opzichte van andere methoden.

In veel gevallen vinden sterke veranderingen van temperatuur en concentratie plaats binnen
een relatief klein gebied in een procesapparaat (bijvoorbeeld een verbrandingszone). In het
geval van een equidistant grid wordt de grootte van de rekencellen over de gehele reactor
bepaald door de maximaal toegestane grootte in dit gebied, waardoor de rekencellen in het
grootste deel van de reactor onnodig klein zijn. Een grid-verfijningstechniek is ontwikkeld
om de efficiéntie van de voorgestelde nieuwe methode te verbeteren door de celgrootte

athankelijk te maken van de lokale gradiénten. Deze techniek maakt gebruik van dezelfde
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informatie die nodig is voor toepassing van de ENO discretisatie en vergt daarom nauwelijks
extra rekenwerk. Een cruciaal kenmerk van de voorgestelde grid-verfijningstechniek is het
feit dat geen van de voordelen van het ENO schema teniet wordt gedaan. Een ander groot
voordeel is het gemak waarmee de techniek kan worden toegepast op problemen in meerdere

dimensies.

Ontwikkelde software voor modellering van gepakte bedden

De nieuwe, in dit proefschrift beschreven numerieke technieken en een groot aantal
conventionele technieken zijn geimplementeerd in een softwarepakket genaamd “PackSim” -
een pakket dat speciaal is ontwikkeld voor de modellering van gepakt-bed reactoren. De kern
van het programma wordt gevormd door een aantal onderdelen die in staat zijn verschillende
typen differentiaalvergelijken op te lossen met behulp van de eindige-differentie methode.
Deze onderdelen zijn verborgen achter een grafisch, gebruiksvriendelijk gebruikersscherm.
De gebruiker kan kiezen uit een aantal klassieke continuum-modellen van verschillende
complexiteit en uit de nieuwe wave modellen. In elk model kan een onbeperkt aantal
componenten en reacties met willekeurige reactiesnelheidsvergelijkingen worden gebruikt.
De benodigde transportparameters kunnen door het programma zelf worden berekend uit de
literatuur-correlaties die hierin zijn opgenomen, of door de gebruiker zelf worden opgegeven.
Het ontstane softwarepakket is geschikt voor gebruik door zowel ervaren onderzoekers als

door gebruikers met slechts een summiere kennis van gepakt-bed reactoren.
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Chapter 1

A packed bed catalytic reactor is an assembly of usually uniformly sized catalytic particles,
which are randomly arranged and firmly held in position within a vessel or tube. The
reactants are supplied to the reactor with the bulk of the fluid flowing through the packed
bed. Contacting with the catalytically active particles, the reactants undergo chemical
transformations, which are usually accompanied with heat release or heat consumption. If

necessary, the heat is removed or supplied through the tube wall.

The first commercial application of a packed bed reactor dates from 1831 when Peregine
Philips, a British vinegar maker, patented a process for making sulfur trioxide by passing air
and sulfur dioxide over a hot bed of platinum sponge. Since the catalyst was not consumed in
the reaction, it could be used repeatedly as a continuous flow of reactants was passed over the
bed, without the need for separating and recycling the catalyst.

Since then, packed bed catalytic reactors have become one of most often used units for gas-
solid and liquid-solid reactions. Despite of the existence of newer types of reactors such as
fluidized bed reactors, the packed bed reactors are widely used for large scale processing in
petroleum industry (e.g. catalytic reforming and hydro-treatment) and basic chemical industry

(e.g. ammonia and sulfuric acid synthesis).

When the fluid containing the reactants flows through the packed bed a variety of physical
and chemical phenomena occur in the reactor. Due to enormous complexity of these
phenomena an exact mathematical description of packed bed reactors is virtually impossible
and simplified mathematical models in terms of averaged quantities have been developed for

their description.

In 1950 Bernard and Wilhelm described radial dispersion in packed beds by a Fickian model.
In 1953 Danckwerts published his celebrated paper on residence time distribution in
continuous contacting vessels, including chemical reactors, and thus provided methods for
measuring axial dispersion rates. These important contributions has set the direction in which
the mathematical modeling of packed bed reactors have been developing. Up till now the
continuum type models are the most often used for the description of packed bed reactors.
The models are based on the conservation laws for material, energy and momentum and lead
to differential and/or algebraic equations. The complexity of a model depends on the

simplifying assumptions made which are determined by many factors. Firstly, it depends on
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the considered problem and on the particular phenomena dictating its most crucial features.
Secondly, it depends on the accuracy of the available transport and kinetic parameters. An
important feature of any mathematical model is its feasibility for mathematical treatment of
the model equations. Therefore, it is widely accepted that there is no universal packed bed
reactor model and each problem should be carefully analyzed to identify permissible
simplifying assumptions. It should be investigated whether the reactor can be considered as a
pseudo-homogeneous continuum with averaged properties. If the differences between the
fluid and solid phase conditions are significant, heterogeneous models have to be considered.
Moreover, it should be examined whether it is necessary to explicitly account for intraparticle
resistances to heat and mass transport.

Despite extensive investigation of packed bed reactors and efforts to mathematically model
them, there is still a lack of fundamental justification of the conventionally used continuum
models, which employ a Fick and Fourier type description for the mass and heat dispersion
fluxes respectively. Moreover, there is experimental evidence that cannot be explained with

the standard dispersion models and is even contradicting to this approach.

Recently a new wave concept of hydrodynamical dispersion has been proposed by Westerterp
et al. (1996) to overcome some of the conceptual shortcoming of the conventional one-
dimensional continuum models. The wave model has been applied for the description of
longitudinal mass and heat dispersion in tubular reactors by Benneker et al. (1997) and
revealed the capabilities of the new approach to describe the processes in a physically sound
way. Later Kronberg et al. (1999) extended the approach to describe two-dimensional heat
and material transport processes in packed bed reactors. Visualization experiments and the
application of the new wave and conventional diffusion type models to describe the
experimental results obtained by Benneker et al. (2002) clearly demonstrated the advantages
of the wave models and encouraged the application of the wave models to packed bed

reactors.

In addition to the problems associated with the formal, mathematical description of packed
bed reactors, mathematical treatment of the governing model equations should also be
carefully addresses. Due to the strong non-linearity of the reaction rate expressions, an
analytical solution of the system of differential/algebraic equations can rarely be obtained.

Therefore, the focus is usually on the numerical, approximate, solution of the equations.
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There are several numerical problems specific for the packed bed reactor model equations.
Usually models include a large number of partial differential equations. Due to a variety of
chemical and physical processes reflected in the model equations, a number of numerical
techniques should be employed simultaneously. The presence of nonlinear reaction rate
expressions with a possibly wide range of characteristic times for different reactions requires
a robust solver for stiff equations. Discretization of diffusive terms usually produces a set of
linear equations involving very sparse matrices. An efficient solver proposed here takes this
sparsity into account. Since convection is usually the dominant mechanism of material and
heat transport, special attention should be devoted for the discretization of the convection
terms. This is especially important for the wave model equations, which do not contain
diffusion terms (since dispersion is described by mixing of streams convected with different
velocities). Furthermore, to perform efficiently the numerical method should adjust itself
taking into account the properties of the calculated solution, i.e. the computational mesh and
marching step size should be automatically adapted. Finally, note that in order to combine
different techniques treating different phenomena (referred by different terms in the
equations) in one algorithm that solves the entire set of equations, each individual technique
should be flexible and simple enough to allow incorporation in a large program and at the
same should be robust and efficient enough to solve the problem in reliable and efficient way.
Many powerful numerical methods have been developed to solve equations of mathematical
physics including packed bed model equations. Ordinary differential equations are very often
solved a.o. by Runge-Kutta technique or Gear’s (1971) method. Parabolic partial differential
equations are often transformed to ordinary differential equation by using the method of lines
(see, e.g. Schiesser, 1991). Collocation methods are also widely used for solution of packed
bed model equations (Villandsen and Stewart, 1967 and Finlayson, 1972). Powerful methods
for solution of nonlinear boundary-value problems were presented by Kubicek and Hlavacek

(1983).

This work is focused on the numerical problems for packed bed model equations, which have
not been properly addressed before, e.g. solution of wave model equations, tracking of
reaction fronts or discontinuities when diffusion effects are negligible, development of mesh
adaptation techniques for one-dimensional and multidimensional problems, Incorporation of
several robust techniques for the numerical treatment of different individual phenomena in

one general method. Special attention is devoted to optimize the available techniques. Most
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of the optimization procedures can be incorporated with the above-listed classical numerical
methods.

The presented methods along with the classical numerical methods are used in a software
package, PackSim, designed for the mathematical modeling of packed bed reactors. The
package includes a variety of classical standard dispersion models as well as novel wave
models.

Using the developed methods, the wave models equations are solved in order to compare
their prediction to the predictions of the standard dispersion models and to experimental data.
Several important processes have been considered to identify the conditions when the both
models can be applied for packed bed description and the conditions when the predictions of

the models deviate.

Finally, it should be noted that in this thesis term “packed bed reactor” means a single tube
packed with catalytic particles. However, in industrial cooled or heated packed bed reactors a
bundle of tubes filled with catalyst is usually arranged within a large reactor shell. A fluid
circulating in the exterior of the tubes removes or supplies heat to the packed tubes. Ideally it
is assumed that the tube wall is kept at desired temperature and that all the tubes operate in
the same conditions. However, in practice the shell side of the reactor may have a significant
effect on the reactor performance. Investigation of the multitubular packed bed reactors is out
of the scope of this thesis. Analysis of heat transfer problems and shell side hydrodynamics in

multitubular reactors can be found in Stankiewicz eta al. (1986) and Stankiewicz (1989).

In the following the outline of this thesis is given.

Chapter 2 describes the mathematical models used for the modeling of packed bed catalytic
reactors. The attention is focused on the most widely used continuum models. Applicability
of different continuum models is investigated on the basis of two industrially important
processes: the ethylene oxidation and the oxidation of methanol to formaldehyde. It will be
shown that for highly exothermic processes the discrepancies between the predictions of
different models can be substantial. In certain cases conventional diffusion-type models also

fail to explain experimental data.

Chapter 3 deals with numerical problems specific for the solution of packed bed model

equations. A new technique will be proposed to efficiently handle a large number of stiff
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equations. The technique minimizes the number of equations to be solved by introduction of
new variables instead of original concentrations. The technique leads to significant reductions
in computational time and required computer resources. Numerical methods to handle the
discretizations of the diffusive terms and to incorporate heterogeneity of the system are also

presented in chapter 3.

Chapter 4 presents a complete algorithm for the discretization of convection terms for
multidimensional nonlinear systems of partial differential equations. A rigorous analysis is
carried out in order to assure that the developed method does not produce inaccurate or fake
solutions. The capabilities of the method will be compared with the capabilities of the most
widely used discretization methods. An algorithm for 1-D and 2-D computational mesh
adaptation is also presented in this chapter. The technique extensively uses data already
calculated during the discretization of the convective terms and preserves all the beneficial

properties of the discretization.

In Chapter 5 the recently proposed wave model is investigated. The predictions of the wave
model are compared with the predictions of standard dispersion models and experimental
data for three industrially important processes differing in the amount of heat released during
the reactions. Furthermore, a sensitivity analysis will be carried out to determine the
parameters responsible for differences between the predictions of the wave and standard

dispersion models.

A limited version of PackSim, the software package developed in this work for modeling of
packed bed reactors, has been supplied on a CD enclosed to this thesis. The package includes
the most accepted continuum models as well as the novel wave models. The program has
been built on the basis of computational units designed for robust and efficient solution of
different model equations (or different types of partial and ordinary differential equations).
The techniques described in Chapters 3 and 4 along with conventional numerical techniques
was implemented in the program. The package was developed in Borland Delphi and has
been provided with a visualized user-friendly interface to enter reactor data and inspect the
calculated results. The package was designed both for users with deep knowledge of packed

bed reactor modeling and for users without large experience.

16



CHAPTER 2

Mathematical models of packed bed reactors. Applicability of

different reactor models




Chapter 2

Abstract
A classification of mathematical models used for description of the packed bed catalytic

reactors is given. The focus was on the most widely used continuum models. Applicability of
different models is investigated on the basis of two industrially important processes. The first
process, the partial oxidation of ethylene, reveals moderately smooth temperature and
concentration profiles and is fairly well described by the pseudo-homogeneous plug flow
model. The discrepancies between the predictions of this simple model and more complicated
two-dimensional heterogeneous models are not very pronounced. It is not the case for the
second process, the partial oxidation of methanol to formaldehyde. Different continuum
models applied to this particular system showed a wide spread in the produced results.
Mathematical description of the reactor by standard dispersion models were not satisfactory
even if very detailed models (two-dimensional heterogeneous model accounting for
intraparticle resistance to heat and mass transfer) were employed. All the applied standard
dispersion models failed to explain pilot-plant reactor experimental data of Schwedock et al.
(1989). The reason of such a discrepancy is expected to be in inherent shortcomings of
diffusion-type approach. The wave model is advocated for the modeling of such intensive

processes.



Mathematical models

2.1 Introduction

A packed bed catalytic reactor is an assembly of usually uniformly sized catalytic particles,
which are randomly arranged and firmly held in position within a vessel or tube. The bulk
fluid flows through the voids of the bed. The reactants are transported firstly from the bulk of
the fluid to the catalyst surface, then through catalyst pores, where the reactants adsorb on the
surface of the pores and then undergo chemical transformation. The formed products desorb
and are transported back into fluid bulk. Convection of the bulk fluid is tied in with heat and
mass dispersion. Dispersion effects are largely caused by the complex flow patterns in the
reactor induced by the presence of the packing. Also, the dispersion effects caused by
transport phenomena like molecular diffusion, thermal conduction in fluid and solid phases
and radiation. In most cases chemical reactions are accompanied with heat generation or
consumption. In case of pronounced heat effects the heat is removed or supplied through the
tube wall.

Due to the complex physical-chemical phenomena taking place in packed bed reactors, their
exact description is either impossible or leads to very complex mathematical problems. The
more detailed the mathematical model, the more parameters it will contain. However, many
elementary processes taking place in the reactor can hardly be individually and independently
investigated, only effective parameters can be measured. Thus, the more detailed models
suffer from a lack of accurate parameter estimations. Therefore, for the description of most
chemical reactors, we have to rely on simplified models capturing the most crucial and salient
features of the problem at hand. This, also means that there is no universal model. The best
model is selected on the basis of the properties of the particular system under consideration,
the features of the system one is interested in, the availability of the parameters included in
the model and the prospects of successful numerical treatment of the model equations. There
are several classes of models used for the description of the packed-bed reactors. The first
and most commonly used class of packed bed reactor models is continuum models. In this
type of models the heterogeneous system is treated as a one — or multi-phase continuum. The
continuum approach results in a set of differential-algebraic equations for the bulk fluid and
solid phase variables (Damkohler, 1936, Danckwerts, 1953; Hlavacek and Vortuba, 1977 and
Froment and Bischoff, 1979). According to the second approach, each catalyst pellet along
with its neighboring bulk fluid is considered as a reactor unit or cell. Each cell is connected

with some of the neighboring cells. Networks of cells and interaction between them form the
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so-called cell models (Deans and Lapidus, 1960; McGuire and Lapidus, 1965; Vanderveen et
al., 1968; Hlavacek and Vortuba, 1977). The transport processes taken into account determine
the way the neighboring cells interact and, consequently, the type of cell model. Finally, a
group of models incorporates experimentally measured distribution of the void fraction
(porosity) in the mathematical description. These models where formerly referred to as
channel models. The local porosity is maximal near the wall and decreases in the direction
towards the tube axis in an oscillatory manner with a period of about 1-2 particle diameters.
In a distance of about 4-5 particles the influence of the wall on local porosity vanishes.
Channel models assume that the packed bed is separated by coaxial cylindrical surfaces
passing through places where the free volume reaches minimum values. These surfaces
divide the reactor into a set of coaxial annular channels. Each channel is considered as a plug
flow reactor where the fluid velocity is determined by the average porosity of the channel,
and which exchange heat and mass with neighboring channels. Therefore, channel models
can be regarded as generalizations of classical continuum models. All the advantages and
disadvantages of classical continuum models are inherited by channel models. Since channel
models are not supported with enough engineering data, they have not gained much attention
in packed bed reactor modeling.

Although each type of models has its potentials and drawbacks, packed bed reactors have
been mainly modeled and optimized using continuum models. One of the reasons for that is
the fact that former mass and heat transfer experiments have been analyzed almost
exclusively on the basis of continuum models, and consequently, parameter values are
directly available for continuum models. The second reason is that non-linear reaction rates
can sometimes be handled easier in differential equations compared to algebraic equations,
although advanced numerical methods for non-linear differential equations include
techniques used for solution of non-linear algebraic equations. Therefore, the present work
focuses on continuum models and their numerical treatment.

In the next section a classification of the continuum models is presented, and the applicability
of each model is discussed via numerical simulation of two industrially important processes.
Section 2.3 briefly discusses cell models. The analogy between cell models and finite

difference approximations of continuum models is discussed.
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2.2 Continuum models

To simulate a packed bed reactor, appropriate reaction rate expressions are required and the
transport phenomena occurring in the catalyst pellet, bulk fluid and their interfaces need to be

modeled. These phenomena can be classified into the following categories:

e Intraparticle diffusion of heat and mass

e Heat and mass exchange between catalyst pellet and bulk fluid
e Convection of the fluid

e Heat and mass dispersion in the fluid phase

e Thermal conduction in the solid phase

e Heat exchange with the confining walls

The degree of sophistication of the model is determined by the accepted assumptions and,
consequently, by the way how aforementioned phenomena are incorporated in the model.
According to the classification given by Froment and Bishoff (1979), which is widely
accepted in the chemical engineering society, the continuum models can be divided in two
categories: pseudo-homogeneous and heterogeneous models.

In pseudo-homogeneous models it is assumed that the catalyst surface is totally exposed to
the bulk fluid conditions, i.e. that there are no fluid-to-particle heat and mass transfer
resistances. On the other side, heterogeneous models take conservation equations for both
phases into account separately. A general schematic classification of continuum models is

given in Table 2.1.

In addition to the models shown in Table 2.1, many different modifications and combinations
are possible. It is common to incorporate dispersion processes in the energy balance and
neglect them in the mass balances, to relate axial dispersion to either of the phases or to the
both of them, to consider only intraparticle material diffusion assuming isothermal conditions
in the pellet, to consider only interface resistance for the heat transfer. The continuum models
indicated in Table 2.1 and their range of applicability will be discussed in what is followed.

The comparison between the models is done based on two examples given in the next section.
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Table 2.1. Classification of classical continuum models.

Continuum models

A

\

1-D, plug-flow

A

\

1-D, axial dispersion

2-D, plug-flow,
radial dispersion

A

\

2-D, axial and
radial dispersion

\
A

\

SNOJUaZ0I019H

Incorporation of the
effectiveness factor

A

\

Pseudo-homogeneous

Velocity profile
oryoad A310019A
A

™ Intraparticle resistances [

2.2.1 Two examples of packed bed reactor systems

Example I is a simplified reaction model for the partial oxidation of ethylene. The data have
been adopted from Westerterp and Ptasinski (1984). The reaction takes place in excess of

ethylene. Two main by-products CO; and H,O are formed according to the following reaction

scheme:
C,H4O
V |
CoH4 i R3
]N v
CO; + H,O
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Under industrial conditions (10 bar and at 200-250 °C, with maximal temperature rise in the
reactor about 20-40 °C) the parallel reactions are dominant and the combustion of ethylene

oxide can be neglected. Thus, the simplified reaction scheme reads:
0, +2C,H, —%— 2C,H,0

0, + §C2H4 &, §C02+§H20

The reaction rate expressions are given by

R=810kC,, ki =70.4 exp(-59860/R/T)
R,=2430k,C, , k> = 49400 exp(-89791/R/T)

This is a moderate reaction system with smooth temperature and concentration profiles in the
reactor.

Example II represents partial oxidation of methanol to formaldehyde. The data used in this
example are obtained from pilot plant reactor experiments reported by Windes et al. (1989).
The reaction is carried out on commercial iron-oxide/molybdenum-oxide catalyst in excess of
oxygen at atmospheric pressure and at 250-400 °C.

The desired reaction

CH,OH + %02 —& 5 2CH,0+H,0

is accompanied with an undesirable consecutive reaction

CH,O + %02 —% 5 CO+H,0

Here

0.5
kICCHSOH

| =—amson g = 125107 exp(-79496/R/T), ks = 1.12-exp(-8368/R/T)
1 + kZCCH3OH

0.5
k3CCH20

= 3-eH0 - po=54.10° exp(-66944/R/
*Tlro2cs,, xp( 2

The observed temperature rise in the reactor was up to 150-200 °C. These severe operating
conditions make a priory modeling of the system very complicated. Nevertheless, the high
sensitivity of the selectivity to variations in temperature and the danger of moving into a run

away region necessitate careful modeling of the system. The data used for the modeling of

systems I and II are given in Table 2.2.
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Table 2.2. Reactor geometry, kinetic and transport parameters and operating conditions used in the simulation
of examples I and II.

Example I Example II Example I Example Il
L [m] 12 0.7 Pey, 8 8.6
d; [m] 0.0508 0.0266 Pe,,, 10 6.6
dy, [m] 0.00618 0.0046 Bi 1.3 5.5
e 0.43 0.5 U, [W/m’K] 270 220
ug [m/s] 1.3 2.47 ke [m/s] 0.025 0.25
pr [kgm’]  6.06 1.018 hi  [Wm* K] 550 400
¢ [Jkg/K] 1160 952 D, [m%/s] 4.9-10°° 4.9-10°
T, [K] 498 517 Aep [W/m/K] 2 2
T, [K] 498 517 C), [mole/m’] 14 34
-AH,; [J/mole] 210000 158700 C‘;m [mole/m’] 224
-AH, [J/mole] 473000 158700 chaoH [mole/m’] 1.74

The catalytic particles used in the second process are of Raschig ring form with the following
dimensions: outer diameter = 4.3 mm, inner diameter = 1.7, height = 3.5 mm. The volume

equivalent diameter of the particles is given in Table 2.2.

2.2.2 One-dimensional pseudo-homogeneous model
The simplest pseudo-homogeneous model describes only axial profiles of radially averaged

temperatures and concentrations. Since the only transport mechanism taken into account is
convection, the model is referred to as a plug-flow model. Here we also assume constant
(averaged) physical properties of the fluid throughout the reactor, so that the conservation
equations for the steady-state read:

w2 _ 1)
dz

S

w. @.1)

dT
uspfcpngT(C,T)— (T-T,)

t
where U, represents the overall heat transfer coefficient. This coefficient as well as all other

heat and mass transfer coefficients appearing in more complicated continuum models is an
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effective parameter and is calculated using (semi-)empirical correlations. The trustworthiness
of these approximations is crucial for accurate modeling of the packed bed. The most widely
used correlations with the literature references are provided in Appendix 2.A. (See also
Kulkarni and Doraiswamy, 1980; Westerterp et al., 1987 and Stankiewicz ,1989).

In addition to temperature and concentration distributions in the packed bed, the pressure
drop over the reactor is an important reactor characteristic. The pressure drop is rarely more
than 10% of the total pressure. Considering inaccuracies in the reaction rate expressions and
the uncertainties in the transport parameters, the pressure drop does not usually have a
significant effect on the overall model performance. Nevertheless, the pressure drop might be
of great importance for assessment of the reactor operation costs. Pressure drop is calculated
according to the following equation:

_dP _pul 1

dz 2 d, K4 (22)

Because of the tortuousity of the fluid path and uncertainties with the hydraulic radius of
packed bed, empirical equations are employed to calculate the friction factor f. The most

widely used correlation is the Ergun equation (Ergun, 1949 and 1952):

_(1=¢g)|a(l-¢)
/= 263 { Re, +ﬁ} @3)

with o= 150 and = 1.75. According to MacDonald et al. (1979) the values of ¢ should be
180 and £ = 1.8 and 4.0 for smooth and rough pellets respectively.

According to Handley and Heggs (1968) o = 368 and 8 = 1.24. The results of Ergun and
Handley and Heggs have been reviewed by Hicks (1970). It may be concluded from his work
that the Ergun equation is limited to Re,/(1-€) < 500 and Handley and Heggs’ to 1000 <
Rey/(1-€) < 5000. Extensive work on pressure drop in packed beds with particles of various
shapes was done by Leva (1948). He suggested the following correlations for the friction
factor:

(1-e)

=100
S £ Re,

for laminar flow
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~ (1 _8)1.1 1
f=175—— for turbulent flow

83 RehO.l

Transition from laminar to turbulent flow in packed beds occur in a wide range of Reynolds
numbers, ranging from 10 to 1000. Sum of the contributions is usually used for the
calculations of the pressure drop in the transition region.

Various correlations for the friction factor are plotted in Figure 1 for packed bed with an
average porosity 0.4. The two lines indicated as “laminar” and “turbulent” correspond to the
laminar and turbulent contributions in the Ergun equation. As it can be seen in the figure all
correlations except the one proposed by Handley and Hicks give very similar results. In the
laminar regime the Handley and Hicks equation predicts a slightly larger friction factor and,
consequently, also larger pressure losses, in contrast to the turbulent flow regime, where it

predicts the lowest pressure drop over the reactor.

1000 5
] Handley and Hicks
:. Leva
2
o McDonald (5= 1.8)
5 100 4 Ergun
.E Ergun, turbulent
[ .
Ergun, laminar
10 T I BRARRN

1 100 10000
Reynolds number, Rey,

Figure 1. Friction factor according to various correlations for an average bed porosity €= 0.4.

The one-dimensional pseudo-homogeneous plug-flow model (2.1) may only be used in case
of negligible difference between the solid and fluid phase conditions and mild radial
temperature and concentration profiles. If the differences between solid and fluid
temperatures and concentrations are more pronounced model (2.1) is needed to be upgraded

to a heterogeneous model.
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2.2.3 One-dimensional heterogeneous model
The simplest one-dimensional heterogeneous model, taking into account temperature and

concentration differences between the fluid bulk and catalyst surface reads:

Fluid phase:
u, % =k,a, (Cé - C,.)
g W (2.4)
u,spjcp _hfav(]—;' T)_ dW(T_Tw)
Solid phase:
kya,(C°-C)==R(C",T")
‘ (2.5)

hea,(T° =T)=R,(C",T")

A criterion for determining the onset of interphase heat transfer limitation was derived by
Mears (1971) for the Arrhenius type of reaction rate dependency on the temperature and
under the assumption of negligible direct thermal conduction between spherical particles and
negligible interphase mass transfer resistance. The criterion states that the actual reaction rate
deviates less than 5% from the reaction rate calculated assuming identical solid phase and

bulk fluid conditions, if the following inequality is satisfied:

Redy 1547
£

h,T

(2.6)

Extending the idea of Mears to an arbitrary reaction scheme and particle shape the following

deviation between the reaction rates can be obtained:

deviation = s (TS’C) R (T’C) = Ry (T‘:,C)‘ R (T7,C) (2.7)
R, (T",C) or' | haR.(T.C)

The 5% difference criteria reads deviation < 0.05.

A similar criterion for the interphase concentration difference was derived by Hudgins
(1972). R(C,T) and R, (C T ) do not differ by more than 5% provided that

Rd, R,
2Ri(C) kf ‘aCi ‘C:Ci

1

<0.15 (2.8)
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The difference between one-dimensional pseudo-homogeneous and heterogeneous models is
discussed using the aforementioned examples.
The axial temperature and concentration profiles for example I calculated using the 1-D

pseudo-homogeneous model (2.1) are plotted in Figure 2.
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Dimensionless axial position

Figure 2. Partial oxidation of ethylene (Example I, Table 2.2). Axial temperature and C,H4O concentration
profiles calculated using the 1-D pseudo-homogeneous plug flow model (2.1).

The deviation calculated according to (2.7) and using the calculated temperature and
concentrations profiles indicates that the difference in the heat production calculated by
homogeneous and heterogeneous models is less than 6%, see Figure 3. The lower line is
calculated on the basis of the homogeneous model, i.e. (2.7) is calculated assuming 7. =7 and T
is calculatedby the pseudo-homogeneous model (2.1). The upper line is obtained using the
fluid temperature and concentration profiles predicted by the heterogeneous model (2.4),
(2.5). The more accurate heterogeneous model predicts somewhat larger difference. The axial

temperature and concentration profiles for the two models are compared in Figure 4.
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Figure 3. Deviation in the heat release calculated based on: a) the temperature and concentrations profiles
calculated using the pseudo-homogeneous model; b) the fluid temperature and concentrations profiles calculated
using the heterogeneous model (example I, partial oxidation of ethylene, Table 2.2).
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Figure 4. Comparison of axial temperature and C,H4O concentration profiles calculated using the 1-D pseudo-
homogeneous and 1-D heterogeneous plug flow models (example I, partial oxidation of ethylene, Table 2.2).

The figure shows that the heterogeneous model predicts 2-3 °C higher temperatures for the
both fluid and solid phases compared to pseudo-homogeneous model. This temperature
difference results from a competition between the rates of interfacial heat and mass exchange.
In this particular case slight resistances to heat and mass transfer to and from the catalyst
cause a higher temperature and lower concentrations of O, in the catalyst. Since the reaction
rate 1S more sensitive to the temperature this increase of the reaction rates due to the
temperature overcompensates its decrease due to the lowering of the concentration. As a
result additional heat is generated and both phases have temperatures higher than that
predicted by the pseudo-homogeneous model. The axial concentration profiles show less
difference between the two models. The heterogeneous model predicts 2% higher output of

ethylene oxide, but also enhances the side reaction by 4%. This is in agreement with criterion

(2.7) and Figure 3.
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Larger differences between pseudo-homogeneous and heterogeneous models are expected for
the second example. Calculation of the deviation (2.7) for example II predicts over 10 %

discrepancy between the two models, as illustrated in Figure 5.
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Figure 5. Deviation of the heat release calculated using the heterogeneous model from the heat release
calculated using the pseudo-homogeneous model (example I, partial oxidation of ethylene, Table 2.2).

Indeed, the axial temperature profiles plotted in Figure 6 show about 30 °C difference in the
hot spot temperatures. The position of the hot spot predicted by the heterogeneous model is
shifted towards the reactor inlet. This is explained by the faster methanol conversion for
heterogeneous model due to the higher temperatures. The pseudo-homogeneous model
predicts a more gradual methanol conversion, with a stretched reaction zone. The observed

discrepancies are caused by the resistance to heat transfer from the catalyst surface to the
bulk of the fluid.

640 : 2

< 620 | Heter., solid

© 600 1 Heter., fluid 157 Homog.
2 580

Heterog., fluid
Homog.

CH3OH (mole/m3)

~_

500 | ; ; ; 0 ; ; :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Dimensionless axial position Dimensionless axial position

Figure 6. Comparison of axial temperature and CH3;0H concentration profiles calculated using the 1-D pseudo-
homogeneous and 1-D heterogeneous plug flow models (example I, partial oxidation of ethylene, Table 2.2).
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Due to the consecutive reaction scheme, combined with high methanol conversion, this
system is very sensitive to the temperature. The higher the temperature the earlier methanol is
completely converted. In the rest of the reactor only the undesired consecutive reaction takes
place, and as a result, more CO is produced reducing the selectivity of the system, Figure 7.
A comparison of selectivities predicted by the 1-D, 2-D pseudo-homogeneous and

heterogeneous models is given in Figure 14 of section 2.2.5.
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Figure 7. Comparison of axial CH,O and CO concentration profiles calculated using the 1-D pseudo-
homogeneous and 1-D heterogeneous plug flow models. (example I, partial oxidation of ethylene, Table 2.2).

2.2.4 One-dimensional pseudo-homogeneous and heterogeneous models with
axial dispersion

Due to its mathematical simplicity and minimal number of parameters involved, the plug-
flow model is widely used in the chemical engineering community. However, the model
gives only a rough description of the real processes taking place in the reactor. The plug flow
model does not explicitly take into account vital characteristics of packed bed reactors such
as non-uniform temperature and concentration distributions across the bed and mixing
effects, caused by several mechanisms, including mixing due to presence of the packing,
molecular diffusion, thermal conduction, radiation etc. The most common 1-D heterogeneous

model taking dispersion in the fluid phase into account reads:

Fluid phase:
dCi dzci K
us?_Dwd?:kfav (C' —Cl.) .
dT d’T i 4U .
UPsCyp d_Z_ ﬂ’ezd7: hfav (T _T)_d—t(T —Tw)
Solid phase:
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kya,(C°-C)==R(C",T")
‘ (2.10)
hea,(T° =T)=R,(C",T")

The heat and mass dispersion fluxes are described by Fourier’s j, =-4, fl—Tand Fick’s
Z

= —D%% laws, respectively. All dispersion effects are lumped in the effective
z

mz

coefficients A_and D, . According to other models axial dispersion terms are related to the

solid phase (Eigenberger, 1972) or to both phases (De Wasch and Froment, 1971).
As in case of the plug-flow model, equations (2.9) and (2.10) can be approximated by the
corresponding pseudo-homogeneous model. This can be justified if there are no temperature

and concentration differences between the catalyst and the fluid bulk, so that
=T, C°'=C. (2.11)
Vortmeyer and Schaefer (1974) developed an equivalent pseudo-homogeneous description of

the heterogeneous model with axial dispersion in the solid phase. Assuming equal second

derivatives of the fluid bulk and solid phase temperatures

’T _0'T°
dz> 9z

they derived a pseudo-homogeneous description of non-steady state processes for both gas

(2.12)

and liquid flows. Balakotaiah and Dommeti (1999) contested the less restrictive nature of
(2.12) against (2.11) and exploited the Center Manifold Theory on the theory of dynamic
systems to derive a pseudo-homogeneous model. The full description involves higher order
derivatives of the temperature. Because of the difficulties with physical explanation of higher
order differential equations and the requirement of additional boundary conditions, the
derivatives of order higher than two are not considered there.

Mathematically the axial dispersion model (2.9), (2.10) is a boundary-value problem and
requires boundary conditions both for the inlet and the outlet of the reactor. Danckwerts
(1953) semi-intuitively proposed boundary conditions expressing continuity of fluxes at
steady state:

Inlet:
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z=0: ulC,=ulC —-D, %
z - (2.13)
peuTy=peul =2, e
Outlet:
z=1L: % =0
z (2.14)
ar _
dz

The requirement of boundary conditions at the reactor outlet is a controversial feature of the
axial dispersion model and is caused by the presence of backmixing in this model. The
problem of the formulation of boundary conditions becomes even more troublesome for non-
steady systems. There have been numerous attempts to justify (2.14) or to suggest other
forms of boundary conditions, (e.g. Wehner and Wilhelm, 1956; Pearson, 1959; Van
Cauwenberghe, 1966 and Gunn, 1987). Due to the physical inconsistency of the model in
case of convection dominated dispersion, for which no boundary conditions at the outlet are
required, one can hardly expect trustworthy justification of these conditions.

There is a simple frequently quoted rule for judgment of the relevance of the axial dispersion:
if L/d, > 30 then axial dispersion can be neglected. A more accurate criterion was derived by
Mears (1971) for a single n-th order reaction: the deviation from the plug flow model is less
than 5%, if the following holds:

L > 207’1 Dez hl Cinlet (215)

d du, C

p

outlet

For industrial processes this criterion is practically always fulfilled and the axial dispersion
effects may be neglected. Despite of the questionable practical applicability of the axial
dispersion model, it has gained considerable attention in the literature. The axial dispersion
model has many appealing mathematical properties. The system can exhibit multiplicity of
steady states even in the pseudo-homogeneous description, when multiplicity can be caused
only by the axial dispersion terms. Detailed analysis of the regions of multiplicity for short
reactors and equal heat and mass axial Peclet numbers was carried out by Hlavacek and
Hoffman (1970), Varma and Amundson (1973). Later it was shown that the region of
multiplicity is widened for Pe,,, > Pe;, (Hlavacek et al., 1973 and Puszynski et al., 1981), and
that multiplicity can also occur in long packed beds (Vortuba et al., 1972).
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All the models described above assume that variation of temperature and concentrations in
the transverse direction can be neglected and that all radial heat resistances can be lumped
into an overall heat transfer coefficient U,,. These serious simplifications can not be justified,
when reactions with a pronounced heat effect are involved and heat is removed or supplied
through the wall. The temperature variations in the radial direction can reach tens of degrees
and can considerably influence the reaction rates. Disregard of the radial temperature and
concentration non-uniformity can lead to substantial miscalculations in important process
characteristics, such as conversion, selectivity, hot spot temperature and its position etc. In
these cases the variations of temperatures and concentrations across the reactor must be
explicitly taken into consideration.

A simple criterion (Mears, 1971a) to determine the importance of radial temperature variation
for the case of Arrhenius type kinetics and negligible axial heat dispersion reads: the

influence of a non-uniform cross section temperature profile on the heat production

—AH|(1-€)R..d’
(consumption) is less than 5% if | [(1=€)Resd, < OART,TE
4L T 1+8d, /(d,Bi)

2.2.5 Two-dimensional models
In the two-dimensional model the radial temperature and concentration profiles are accounted

for. The most often used 2-D model is the pseudo-homogeneous model given by equations

Z aTr zr %) raT (210
c,———+—|r—|=R,(C,T
P iz r 8r(r arj (6
and accompanied with boundary conditions:
z=0: C =C,T=T,
r=0: £=0, a—T:O (2.17)
or or
r=d 2. 9S—o, L _pir_r)
or or

D.,, and A, are effective radial mass and heat dispersion coefficients obtained from

experiments. For most of the practically important conditions the mass radial Peclet number
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Pey, = uyd,/D,, is between 8 and 10. Radial heat Peclet number Pey, = uspc,dp/Ae varies in a
wider range. A more detailed discussion of published correlations for radial heat and mass
transport parameters is given in Appendix A.

A heterogeneous version of (2.16) reads:

oC. D_0d( oC ,
i Ter T L :k CYA —C
s 0z r ar(r arj fav( ! l)
oT A, d( dT
UpC, === g(’”g)th:v“v(T -T) (2.18)

kya,(C°-C)==R(C",T")
hea,(T° =T)=R,(C",T")

The boundary conditions remain the same.

Application of 2-D models to the calculation of the reactor described by Example I gives

results very similar to those obtained with 1-D models, see Figure 8.

o

N

)]
[}

[&)]
N
o

< 2-D Heter., fluid ® 5 12-D Heter., solid
° ' 1-D Heter., solid £
5 515 § " < * | 1-D Heter., solid
® 510 _}\ £ 3 DH
dé_ 505 | 2-D Homog Q- =— 1-D Homog.
- o
2 500 1-D Homog S 2-D Homog.
495 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ;
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Dimensionless axial position Dimensionless axial position

Figure 8. Comparison of axial temperature and C,H4O concentration profiles calculated using the 1-D and 2-D
pseudo-homogeneous and heterogencous plug flow models. The 2-D profiles are averaged over the tube cross
section (example I, partial oxidation of ethylene, Table 2.2).

The difference between 1-D and 2-D models is virtually negligible. This is due to rather

uniform radial temperature and concentration profiles. Even at the hot spot the temperature

variation in the radial direction does not exceed 10 °C, as shown in Figure 9.
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Figure 9. Radial temperature profiles at the hot spot position (z/L = 0.23) calculated using heterogeneous and
pseudo-homogeneous models (example I, partial oxidation of ethylene, Table 2.2).

As before more pronounced differences between the different models are expected for
Example II. Indeed, due to higher temperature near the axis of the reactor and due to the very
strong dependence of the reaction rates on the temperature, the reacting mixture almost
ignites near the axis. As a result the zone where intensive reacting takes place becomes
narrower than in 1-D case, see Figure 10 and Figure 11. Again, due to the complete

conversion of methanol and the higher temperature predicted by the heterogeneous model the

hot spot is shifted towards reactor inlet.
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Figure 10. Comparison of axial temperature profiles calculated using the 1-D and 2-D pseudo-homogeneous

and heterogeneous plug flow models. The 2-D profiles are averaged over the tube cross section (example II,
oxidation of methanol to formaldehyde Table 2.2).
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Figure 11. Comparison of axial CH3;0H concentration profiles calculated using the 1-D and 2-D pseudo-
homogeneous and heterogeneous plug flow models. The 2-D profiles are averaged over the tube cross section
(example II, oxidation of methanol to formaldehyde Table 2.2).

The radial variation of the temperature at the hot spot according to the 2-D the models becomes

enormous (Figure 12). Behind the hot spot methanol concentration is nearly zero and only the

undesired consecutive reaction takes place. The higher the temperature at the hot spot the more

pronounced is the consecutive reaction at the end of the reactor. As a result, according to 2-D

models, 30-50% of the produced formaldehyde is further oxidized (Figure 13). The selectivity

of the process is strongly determined by the calculate temperature profiles, as can be seen in

Figure 14. However, none of the calculated values is close to the experimental value of 94%
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reported by Windes et al. (1989).

Figure 12. Radial temperature profiles at the hot spot position (z/L = 0.37). Oxidation of methanol to
formaldehyde (example II, oxidation of methanol to formaldehyde Table 2.2).
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Figure 13. Comparison of axial CH,O concentration profiles calculated using the 1-D and 2-D, pseudo-

homogeneous and heterogeneous plug flow models. The 2-D profiles are averaged over the tube cross section
(example II, oxidation of methanol to formaldehyde Table 2.2).
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Figure 14. Formaldehyde selectivity calculated using the 1-D and 2-D, pseudo-homogeneous and
heterogeneous plug flow models (Example II, Table 2.2).

Summarizing the comparison of model performances for the two considered systems, it is
concluded that for the first reaction system (ethylene partial oxidation) with moderate heat
generation and smooth temperature and concentration variations in the reactor all the models
predict almost identical results. However, the predictions by the different models for the
second reaction system (methanol partial oxidation) fail to agree with each other.

Taking radial non-uniformities and/or temperature and concentration differences between the
bulk of the fluid and the catalyst surface into account result in higher hot spot temperature
and lower product selectivities. Finally, it is worth noting that the authors of the methanol
oxidation experiments (Example II, Windes et al., 1989) were able to fit the data obtained

from their pilot plant reactor only by varying some of the heat transfer parameters, e.g.
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assuming a Peclet number dependent on the temperature. These discrepancies will be

discussed in more detail in Chapter 5.

2.2.6 Models accounting for intraparticle resistance. The effectiveness factor

All the models described above neglect the resistance to heat and mass transfer inside the
catalyst particle. This is only rigorous if catalytically active components are deposited on the
outer surface of the catalyst pellets. The majority of catalysts have, however, a porous
structure, where most of the catalytically active surface resides on the interior surface which
can only be accessed via the pores. In a porous catalyst the reaction takes place
simultaneously with heat and mass transport and both processes must usually be considered
together. A one-dimensional pseudo-homogeneous plug flow model accounting for both
interface and intraparticle resistances for simple shape particles reads:

=ka,(C*=C)

dz

2.19
dl _4U,, (.19

P T

D, (G o
Z 85(5 afj KT

—(T,~T)+hga, (T -T)

(2.20)

5

with the accompanying boundary conditions

N
Il

0: C,=C, T=T°
aC; oT
_851 =0, _8520 (2.21)
d, JC;
=——: =D :
5 2 ep ag

RN
Il
()

S o1
:k_/'(ci _Ci)’ _ﬂ’w gzhﬁ

(r-7)

where & denotes the position inside the particle; p = 0, 1, 2 for a slab, an infinite cylinder and
a sphere respectively.

Equations (2.20) and (2.21) form the single particle problem with Robin’s type boundary
conditions. If temperature and concentrations on the particle surface are kept constant then

(2.21) must be replaced by
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£=0: aaﬁ:o, g—T:o
d d (2.22)
d , ,
el e e

(2.20) and (2.22) define the single particle problem with Dirichlet type boundary conditions.

Incorporation of intraparticle resistances into an overall reactor model adds an additional —
the intraparticle — dimension into the problem. Generally, due to the non-linearity of the
reaction rates and the coupling between several mass and energy conservation equations, the
single particle problem can only be solved numerically. This considerably complicates the
handling of the differential equations. To avoid this complication the idea of the effectiveness
factor was introduced independently by Thiele (1939) and Zeldowitsch (1939). The
effectiveness factor is defined as the ratio of the reaction rate taking transport limitations into

account to the reaction rate without transport limitations (i.e. at particle surface conditions).

reaction rate with transport limitations

~ reaction rate without transport limitations

Extensive investigation of analytical solutions and methods for the approximation of the
effectiveness factor can be found in Aris (1975a,b) and Wijngaarden et al. (1998). The
effectiveness factor can be calculated analytically for a first order reaction in an isothermal

simple shape particle.

For a slab:
_ tanh¢ (2.23)
¢
for an infinite cylinder:
n= —11 (29) (2.24)
91,(29)
for a sphere:
3¢ coth(3¢)—1
n :—¢ (2¢) (2.25)
3¢
Here
R(C,T) = kC (2.26)
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y
and ¢ =—- L is the Thiele modulus.
4,\D,

For non-linear reaction rates and arbitrary particle shapes analytical expressions for the
effectiveness factor do not exist. Its approximation for arbitrary kinetics and particle shape
can be calculated employing equations (2.23)-(2.25) using the generalized Thiele modulus
o= Z —R(\C/;TTY Y){ [ R T“)dCé} -
P ep

This approach gives satisfactory results if ¢ is sufficiently large and chemical reaction occurs
only in the thin layer near the outer catalyst surface, so that # differs significantly from 1. In
opposite case of small ¢ when n — 1, the shape of the catalytic particles becomes an
important factor influencing the value of the effectiveness factor. A new approach for the
calculation of the effectiveness factor for a particle of arbitrary shape and for arbitrary
reaction rates has recently been proposed by Wijngaarden et al. (1998). The authors introduce
two new dimensionless groups:

zeroth Aris number

A [VJ RZ(CHT“ {JR (c ) dci
n=| Lo
’ A \/ ep 0

P

and first Aris number

2 N 8,8
Anlz(VpJ r oR(C',T)

4,) D, aC

p

‘@:@“
where I' is the geometry factor, depending only on the shape of the pellet. In particular, I' =

2/3, 1, 6/5 for a slab, an infinite cylinder and a sphere, respectively. The zeroth Aris number
is designed for the calculations of the effectiveness factor in the low 77 region; \/An, 1is just

the well known Thiele modulus. The first Aris number determines the effectiveness factor
when its value approaches 1. The two asymptotic expressions are combined into a
generalized equation

1
I+ (=) An, +14n,

which can be solved, e.g. by an iterative procedure. The details of the derivation along with a
discussion about the capabilities of the approach are given in Wijngaarden et al. (1998).

The concept of the effectiveness factor makes it possible to replace (2.20) and (2.21) by
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ka(Cr-C)=-nr(C".T")

- 2.27)
hfav(Tv_T)anT(C 9T )

Figure 15 - Figure 20 show axial temperature profiles calculated by: the complete model
(2.19)-(2.22) accounting for intraparticle heat and mass transport; the model with the
effectiveness factor and the model neglecting the intraparticle transport limitations.

Calculations were carried out for Example I using data given in Table 2.2). To allow
comparison of calculated and analytical solutions, the first reaction was ignored, i.e. R; = 0.
To elucidate the significance of different factors the original parameters were varied. The rate

of the second reaction was slightly modified R,=a-2430K,C,,. a= 1.2 for the calculations

presented in Figure 15 - Figure 17 and or= 1.0 for the calculations Figure 18 — Figure 20. To
avoid temperature profiles inside the pellet the effective thermal conductivity inside the
particle was set to a large value of 10 W/m/K, Figure 15- Figure 17. Furthermore, to
emphasize diffusion limitations, see Figure 15 and Figure 18, the effective diffusivity inside
the particle D,, was decreased to 10 m?/s. The radial temperature and concentration profiles
inside the catalyst particle are given at the axial position of the hot spot, where the

effectiveness factor reaches its minimum.
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Figure 15. Temperature and concentration profiles inside the spherical pellet (z/L = 0.2).
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Figure 16. Axial temperature profiles calculated using: I — the complete model (2.19)-(2.21), II — approximate
model (2.19), (2.27) with the effectiveness factor 77 calculated by (2.25), III - solution to (2.19), (2.27)
calculated neglecting intraparticle resistances, i.e. 7= 1.

Figure 16 shows that intraparticle diffusion resistance reduces the reaction rate and as a result
the temperature at the hot spot is decreased — maximum temperature rise in the reactor is
reduced by a factor of 2. Figure 17 demonstrates that virtually identical results are obtained

using the effectiveness factor and by numerical solution of the single particle problem.
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Figure 17. The effectiveness factor along the reactor: I) calculated by numerical solution of the single particle
problem; II) calculated approximately using (2.25). Isothermal particle.

For the realistic value of the effective particle thermal conductivity A, of 0.12 W/m/K the
pellet is no longer isothermal. For the same effective diffusivity D,, of 10 m?/s the diffusion

limitations are also present, see Figure 18.

43



Chapter 2

540 1
< 538 "
=~ 536 - o 509 1
o <2
= | Q 54|
© 532 5 £0.8
8 530 S §
E 508 | £ 607+
() a o
= 526
524 ; ; ; ; 0.6 ; ; ; ;
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Dimensionless radial position Dimensionless radial position

Figure 18. Temperature and concentration profiles inside the spherical pellet (z/L =0.2).

As a result of the “competition” between heat and mass transport in the particle the
effectiveness factor may exceed one. It was shown by Weisz and Hicks (1962) that the
effectiveness factor can be much grater than unity. In Figure 20 it is clearly shown that
disregard to intraparticle profiles may lead to significant underestimation of the maximum

temperature in the reactor.
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Figure 19. The effectiveness factor along the reactor calculated by numerical solution of the single particle
problem. Non-isothermal particle.
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Finally, it is worth noting that in most practical applications catalyst particles are usually
principally isothermal and only external heat transport limitations play a role, whereas
resistance to mass transfer inside the particle usually dominates over the interfacial mass

transfer resistance.

2.2.7 Models accounting for the radial porosity distribution

Classical continuum models can be extended by accounting for the radial porosity
distribution in the packed bed. It was shown by many authors, a.o. by Benenati and Brosilow
(1962), Ridgway and Tarbuck (1966) and Goodling et al. (1986), that the void fraction varies
over the cross section of the reactor. The void fraction for a packed bed filled with spheres

decreases in a strongly damped oscillatory way from 1 at the wall to
& A

1 |+

0.5 77t spheres

~
t———

cylinders

\

Figure 21. Void fraction distribution across packed bed.
about 0.38 at the distance of 3-4 particle diameters from the wall, see Figure 21. For a packed

bed filled with cylindrical particles the value of porosity approaches 0.25 at about the same
distance from the wall. The oscillatory behavior is caused by the higher degree of particle
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ordering near the wall. As a result the layer adjacent to the wall is nearly free of catalyst,
whereas at a distance of a half particle diameter from the wall the catalyst fraction is
maximal.

Many authors, a.0. Schwatz and Smith (1953), Schertz and Bishoff (1969) and Marvioet et al.
(1974) experimentally observed that the drop in porosity near the wall leads to channeling
effects. Variations in the velocity profile were also calculated from the pressure drop
equation. Foscolo et al. (1983) modified the Ergun equation (2.2), (2.3) so that the pressure
drop equation accounts for the radial porosity distribution.

A more accurate approximation of the velocity profile was obtained by Vortmeyer and
Schuster (1984). Following Brinkman (1947) they accounted for the viscous friction inside
the fluid itself in addition to the interaction of the fluid with the particles. Superimposing the
viscous term to the Ergun equation and introducing a no-slip boundary condition Vortmeyer
and Schuster (1984) derived an expression for the the radial velocity profile. A typical radial

velocity profile is shown in Figure 22.

u/u0

O T T T T
0 0.2 04 0.6 0.8 1

Dimensionless radial position

Figure 22. Typical dimensionless radial velocity profile in a packed bed; d/d, = 9, Re = 600, u, is averaged
velocity.

Incorporation of radial porosity and velocity profiles in a 2-D model transforms the set of

model equations given by (2.16) into
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The difference between this extended model and the classical continuum model (2.16) boils
down to: differences in residence time distributions variation of the catalyst density in the bed
and modified heat and mass transport parameters. Based on these effects Delmas and
Froment (1988) and Vortmeyer and Haidegger (1991), discriminated several approaches to
incorporate radial porosity and velocity profiles. In the latter a good description of the
experimental data was obtained even when neglecting the influence of the porosity
distribution on the radial heat and mass transfer coefficients. Calculation of dispersion
coefficients D,, and A, as functions of the radial position is somewhat speculative, since the
dependence on the radial velocity profile u(r) is not clear. Delmas and Froment (1988)
performed several calculations using the extended model (2.28) and manipulating the
transport coefficients. The wall-to-bed heat transfer coefficient 4, was omitted in the
boundary conditions and the resistance to heat transfer to the wall was incorporated by
decreasing A, near the wall. Heat and mass dispersion coefficients D,, and A, were supposed
to be proportional to: a) the velocity u(r), b) catalyst fraction (1 - &r)) and c) both u(r) and
(1-&(r)). Different temperature and concentration profiles were calculated depending on the
adopted assumption. The dependence of the transport parameters on the radial position is still
a subject of discussions.

Generalization of (2.28) to models including axial dispersion effects and/or to heterogeneous

models is straightforward.

2.2.8 Dynamic models
Along with the steady state, the dynamic modeling of packed bed reactors has attracted

considerable attention. Interest in dynamic modeling can be explained by the necessity to
study important practical problems such as: 1) dynamically operating reactor, e.g. reverse
flow reactors; 2) reactor start-up and shut down; 3) process stability, i.e. response of the

reactor to disturbances in operation condition.
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Equations of the dynamic models are typically the same as for steady state models, only

additional terms describing the rates of temperature and concentrations change in time i.e.

oT oC 9T’ aC*
—, —, — and
Jt ot ot

During investigation of the abovementioned problems several, somewhat confusing, effects

are added.

were predicted analytically and observed experimentally: multiplicity of steady-state
solutions, wrong-way transient behavior and creeping reaction fronts.

There are two physical phenomena responsible for multiplicity. It has been shown by a.o.
Hlavacek and Hoffman (1970), Varma and Amundson (1972, 1973a, 1973b) and Puszynski
et al. (1981) that the dispersion effect is the underlying mechanism of multiplicity. Using
pseudo-homogeneous models with axial dispersion they where able to predict a number of
steady states for different systems. According to Sharma and Hughes (1979) a two phase
model was required to accurately model their experimental data for the same reaction system.
Interfacial heat and mass transfer resistance constitutes the second effect, which can lead to
multiplicity. It was shown by Liu and Amundson (1962) that an infinite number of steady
states may exist in certain parameter regions. This approach claims that if any particle in the
bed has multiple steady states then the system will be unstable in a certain range of initial
conditions. In that range the occurrence of even a slight heat transport between particles is
sufficient to shift the particle from one steady state to another. As a result, non-unique
solutions for the packed bed can be obtained. It was shown by Eigenberger (1972a,b) that
incorporation of thermal conduction through the solid phase reduces the infinite number of
steady states to only a few. The main mechanism of heat exchange between adjacent particles
is usually the heat transfer via the fluid in between the particles. Radiation also contributes to
the effective solid conductivity. Existence of multiple (twofold) steady states was
experimentally proven by Hlavacek and Vortuba (1974) and Sharma and Hughes (1979) in
their studies on carbon monoxide oxidation.

The second perplexing phenomenon observed during the dynamic operation of packed bed
reactors is the so-called wrong-way behavior. Wrong-way behavior refers to the process of
transient reactor temperature rise in response to a decrease in the feed temperature. It was
first predicted by Boreskov and Slinko (1965). In contrast to multiplicity, wrong-way
behavior is predicted even by the simplest pseudo-homogeneous plug-flow model (Mehta et
al., 1981). The phenomenon is associated with a difference in propagation speed for thermal

and concentration disturbances. A colder feed cools the inlet section of the reactor and
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decreases the reaction rate and conversion. The cold fluid with high concentration of reactant
eventually reaches the hot catalytic particles in the downstream section of the bed, where the
reaction rate very rapidly increases. This causes a transient temperature rise. Wrong-way
behavior was observed experimentally and modeled mathematically by Van Doesburg and
De Jong (1974). Incorporation of thermal dispersion into the model decreases the magnitude
of the transient temperature excursion (Panjala et al., 1988), but also introduces phenomenon
of possible multiple steady states. Wrong-way behavior occurring in the region of
multiplicity was experimentally observed by Sharma and Hughes (1979).

Finally, the third interesting experimentally observed phenomenon is the formation of very
steep reaction fronts moving with nearly constant velocity without significant changes in their
shape (Vortmeyer and Janhel, 1972; Kalthoff and Vortmeyer, 1980). The velocity of the
reaction wave (creeping fronts) is controlled by the feed conditions as well as by the flow
velocity. Depending on these conditions, the reaction front moves downstream, upstream or
rests at certain position. The width of the reaction front — area where most of the reaction
takes place — can be as narrow as 2-3 particle diameters. Observed experimental results were
mathematically described by the authors using a 2-D pseudo-homogeneous model with axial

dispersion and radial porosity and velocity distributions.

2.3 Cell models

Next to continuum models, cell models are used to describe the physical-chemical
phenomena in packed bed reactors. A cell model was first proposed by Deans and Lapidus
(1960). In the cell models the reactor is represented by a network of ideally stirred tank
reactors (cells). Each cell is defined as a part of the reactor confined by two coaxial
cylindrical surfaces and two planes perpendicular to the reactor axis, as illustrated by the
shaded volume in Figure 23. The number of parallel planes intersecting the reactor, N,
defines the number of stages. The number of imbedded cylinders, M, defines the number of
cells over the cross-section of the reactor. Mixing effects in the network are determined by N
and M. If N is taken equal to the number of particles along the reactor, the axial Peclet

number is equal to 2.
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Figure 23. Schematic representation of a single cell, used as a building block in the cell models.

The simplest cell model is obtained by assuming that the network is a one-dimensional series

o tolo ool

where each tank represents one stage of the reactor. The model is equivalent to the finite-

difference approximation of the one-dimensional pseudo-homogeneous continuum model.
Mixing effects can be enhanced by introducing additional interactions between the cells. Also
heterogeneity can also be easily incorporated into the cell model:

> | 2 | 2 | B | B fluid phase
el flcloflebo ok

vt b+t vt 1

solid phase

This scheme corresponds to the one-dimensional heterogeneous model with axial dispersion.
Two-dimensional cell models are defined by two-dimensional arrays of ideally stirred tanks.
Each cell at level i is influenced by two neighboring cells from level i-1, as indicated in

Figure 24.
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Figure 24. A two-dimensional cell model.

The number of cells over the cross section to the reactor determines the intensity of the radial

dispersion. Indeed, the total volumetric throughput of (ij)-th cell is
0, =7rdfus[j2 —(j—l)z} . Inflow from cellsi- 1,/ - Y2and i - 1, j + Y% is averaged according

to the area of contact with cell (i, ;)

0,y =xdu [ (j-1/2) =(j-1)']

O =7td}u, [jz _(j_l/z)z] .
Then, the steady-state mass balance equation for cell i,j reads:

QjCi,_j - (Qj—l/zci—l,j—l/2 + Qj+1/2Ci—1,j+1/2) = Vi,jRi,j

or

. - d
j—3/4 j=1/4 Y p (2.29)

i . i~1,j-1/2 . i—1,j+1/2 = ,
1,] 2]_1 =1 2J_1 =1,] us 1,]

with i=1,...,N; j=1,..., M —1. Energy balances can be derived in an analogous manner.
Central-difference approximation of the two-dimensional continuum mass balance equation
on a uniformly spaced mesh with axial step d,, radial step d, and radial nodes at 0, 1/2, 1, 3/2,

... M yields
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C...,.—C._ . d
_2Cl-71,j+cl-71,j71/2+ i—1,j+1/2 l—l,]—l/2j:_pR_‘ (230)
u

2j

2y

dDEV
C,—-C.,, -2 C

i,j i-1l,j 2 i—1,j+1/2
usdr s

i=1,...,N; j=1...,M -1
It can be seen that equation. (2.29) approximates (2.30) with an accuracy O(d,), if

2d D
ﬁ =1. In other words, if the number of cells M is set equal to d,./Pe,, /8 then equation

(2.29) also approximates the corresponding continuum model. The effective radial dispersion
coefficient in continuum models is proportional to the square of the cell size. In addition, the
larger the value of M the closer the solutions of (2.29) and (2.30). Similar considerations
show that each cell model has its analogue in the family of finite-difference approximations
of continuum models. Consequently, the classification of continuum models can be extended
to the cell models.

The numerical treatment of the cell models can be easier than that of continuum models. The
number of algebraic equations making up a cell model is generally smaller than that resulting
from finite-difference approximations of continuum models. In addition, some cell models
allow a marching technique for their solution, as for example, for equation (2.29). The
diffusion terms in the continuum models are usually treated implicitly which results in a large
number of algebraic equations that must be solved simultaneously.

Despite of these, the cell model equations retain the main problems typical for finite-different

approximations of continuum models and require similar effort to calculate their solution.

2.4 Summary and conclusions

Several types of mathematical models approximating complex physical-chemical processes
taking place in packed bed catalytic reactors are considered. Of all the considered models
(continuum, channel, cell) the continuum models are most widely used and have been
systematically investigated in this chapter. Predictions of the different continuum models
were compared based on two industrially important processes: oxidation of ethylene and
oxidation of methanol to formaldehyde. The first process considered at chosen operating
conditions is a moderately energetic with relatively smooth temperature and concentration
profiles in the reactor. Maximal temperature rise reached in the reactor is about 20-40°C. The

second process represents a very exothermic system. Temperature rise in the reactor is 150-

52



Mathematical models

200°C. The temperature variation in the radial direction can be higher than 100°C at the hot
spot position.

It has been shown that temperature and concentration profiles predicted by different models
for the ethylene oxidation process are not very sensitive to the chosen model. Estimated
difference between predictions of one-dimensional pseudo-homogeneous and one-
dimensional heterogeneous model is about 5%. The difference between the 1-D and 2-D
models is even less.

The second system demonstrated a huge discrepancy between the predictions of different
models. Many processes taking place in the reactor cannot be lumped together and should be
considered explicitly. The difference between the temperature of the solid phase and the bulk
fluid temperature can be about 10°C. This results in large discrepancy between the predictions
of the pseudo-homogeneous and the heterogeneous models. The estimated difference in heat
production is is more than 15%. Due to pronounced radial temperature and concentration
profiles the two-dimensional models are preferred to one-dimensional models. In addition, the
diffusion limitations in the catalytic particle have significant effect on the model predictions.
Therefore the concept of the effectiveness factor was incorporated. Despite of such detailed
modeling the considered mathematical models failed to explain experimental reactor behavior
observed by Schwedock et al. (1989). Although there is always a possibility of experimental
errors and in the data used in the models (especially in the reaction rate expression), the
inconsistencies are so systematic that the possibility of existence of model shortcomings
becomes significant. Other experimental data on intensive processes in packed bed reactors
(Hoffman, 1979; Clement and Jargensen, 1983) also show significant discrepancies between
the standard dispersion models predictions and the experimental evidence. The trustworthiness
of standard dispersion models is even more uncertain since they do not have rigorous
mathematical derivation or a proper physical justification. Furthermore, the models contradict
to physical reality. For example, they assume infinite speed of signal propagation and as a
consequence allow backmixing; whereas, in real packed bed reactors signals propagate with

finite speed and usually no backmixing is observed (Hiby, 1962 and Benneker et al., 2002).
To overcome some of the conceptual shortcomings of the mentioned dispersion models the

wave models will be considered in chapter 5. The concept of heat and mass transport by waves

has been introduced by Westerterp et al. (1996) and Kronberg et al. (1999) and avoids such
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inherent drawbacks of the standard dispersion models as infinite speed signal propagation,

backmixing and the necessity of outlet boundary conditions.

Appendix 2.A. — Correlations for transport parameters

In this Appendix the most widely used correlations for the effective transport parameters are

given.

I. Effective radial thermal conductivity (4.,

1. Bauer and Schlunder (1978a, 1978b)

/’{’er _ /’{’c(;nvectign + conduction,radiation
ﬂ”f /’Lf ﬂ”f

/’{’ nvection pusc/’ XF

CO

o A ga-(1-2d,0d,) |

A i o
conduct;:n,mdmtmn — (1 _ \/E)(l te lrc;ljanun ] + \/E( jrs J

A A S
- d
ﬂ’mdtanon =2727. 10*7 e T3 v
A, 2-e A,
Ae _ 2 B(k, tk, —l)ln(ks +k,j+ B+1(kr _B)- B-1
A, N| Nk B ) 2B N

10/9
N:ks+k,—B, B:C(l_gj
k £

k — ﬂ’solid k — ﬂ’radiation
A A
Xr 1s the effective mixing length, Xr = F' d,,

e — emmisivity

1.15 for spherical particles
{ 1.75 for cylindrical particles
co { 1.25  for spherical particles
2.5  for cylindrical particles
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2. Dixon and Cresswell (1979) and Dixon (1988)
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Co 1.25 for spherical particles
| 25 for cylindrical particles

(2.31) is taken from Colledge and Paterson (1984)

3.Specchia et al. (1980)
A A A

er convection + conduction
ﬂ”f ﬂ’f ﬂ’f
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9
A, K A, A
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d 2
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4.Yagi and Wakao (1959)
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=06
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For metal spheres

o=13, =0.11,0.021 < d,/d, < 0.086

Other references:

VDI Wirmteatlas, 4™ ed., VDI Vrelag GmbH, Dusseldorf, 1984

De Wasch, A. P. and Froment, G. F., Chem. Eng. Sci. 27, 567-576, 1972

Cybulski, A and Kawecki, W., Inz Chem 2(2), 355, 1972

Yagi, S., Kuni, D. and Wakao, N., Int. Dev. Heat Transfer, Proc. 1961-62. Heat transfer
Conf. Boulder Colorado, New York. 1963

Caldwell, A. D., Chem. Eng. Sci. 23(4), 393, 1968
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II Effective radial diffusivity (D,,)

1. Bauer and Schlunder(1978)
u X

D= e=l=2a_/a Y]

Xr — effective mixing length, Xy = F' d,,

_ | 1.15 for spherical particles
| 175 for cylindrical particles

2. Rase, H. F., (1990)
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3. Specchia et al. (1980)
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Other references:
Brenard, R. A. and Wilhelm, R. H., Chem. Eng. Prog., 46, 233, 1950

Wen, C. Y. and Fan, L. T., Models for flow systems and chemical reactors, Dekker, New
York, 1975

Fahien, R. W. and Smith, J. M. AIChe J., 1 25, 1955

Froment, G. F., Ind. Eng. Chem. 59, 27, 1967
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III Wall heat transfer coefficient (4,,)

1. Dixon (1988)
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The definitions of B, B;, A Bis and Pe,s are given in correlation 2 for effective radial

conductivity.

2. Li and Finlayson (1977)
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Other references:

Yagi, S and Wakao, N., AIChE J. 5(1), 79-85, 1959
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Beek, J., Adv. Chem. Eng. 3, 203, 1962
Dixon, A. G., Paterson, W. R. and Cresswell, D. L. ACS Symp.Ser., 65, 238, 1978
Paterson, W. R. and Carberry, J. J., Chem. Eng. Sci. 18(1), 175, 1983

IV Overall heat transfer coefficient for 1-D model (Uy)

1. Dixon (1988)
1 d, Bi+3

1
U, h, 6, Bi+4

w

Nu,, =0.523(1-d,, /d,)Pr’> Re)™

h d Pe .
Nu, =22 = 86, +Nuwf[1 + B, 7 ] Re > 50
A, d/d, Re, p
h,d 80, d ,
u, =——"" = il +28i, %o ””[1+ b, J Re <50
A, d.ld, Mod o\ A0,
Bi = d, Nu,Pe,

2d,, Re, Pr

The definitions of £, Bs, A Bis; and Pe,s are given in correlation 2 for effective radial

conductivity.

2. Li and Finlayson (1977)
Spherical particle, 0.05 < d;/d, < 0.3, 20 < Re;, < 7600:

det — 2.26 Reh0.8 Pr0.33 eXp _%
2, 7

t

Cylindrical particle, 20 < Rej, < 800, 0.03 < d;/d,<0.2:
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Other references:
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Leva, M., Chem. Eng. (N.Y.) 56, 115, 1949

Chan, B. K. G., and Lawther, K. R., Austr A.E.C. AAEC/TM (Rep), 389, 1967
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V Axial heat dispersion coefficient (A,,)

1. Yagi et al. (1960)
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VI Axial mass dispersion coefficient (D,;)

1. Edwards, M. F. and Richardson (1968)
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2. Wen and Fan (1975)
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3. Bischoff and Levenspiel (1962)
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T is the tortuosity factor

VII Solid-fluid heat transfer coefficient (/)

1. Gnielinski (1982) and Martin (1978)
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| 1 sperical particle
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VIII Solid-fluid mass transfer coefficient (k)

Correlations are the same as for solid-fluid heat transfer coefficient. Only Pr is replaced by Sc

and Nu is replaced by Sh.
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Chapter 3

Abstract

Several numerical problems specific for packed bed reactor model equations are addressed
in this chapter. The stiffness of the model equation is tackled by a simple but robust method
based on the Newton-Kantorovich procedure and accompanied with an automatic time
stepping mechanism. A new technique is proposed to automatically select a minimum
possible number of differential equations to solve by introduction of new dependent
variables. This significantly reduces the required computer resources and computational time
in case of a large number of components. To solve heterogeneous model equations a method
to decouple the fluid and solid balance equations is proposed. As a result the entire system of
equations is basically splitted into two smaller subsystems, which are solved subsequently.
Finally, an algorithm for solution of sparse linear algebraic equations resulting from the
discretization of diffusion-type terms is proposed. The technique is efficient and easy to
implement. All the methods described in this chapter are used to enhance the performance of
classical finite-difference methods and are employed in the software package for

mathematical modeling of packed bed reactors.
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3.1 Introduction

One of the main criteria for the evaluation of any mathematical model is its mathematical
feasibility. On one side, a model must explicitly include as many relevant physical-chemical
processes as possible. On the other side, more detailed models involve more complicated
differential equations and, consequently, are computationally more demanding. Certainly,
first of all, the level of model detailedness is determined by the availability of accurate kinetic
expressions and model parameters. However, the applicability of the model can also be
limited by the difficulties associated with its mathematical handling.

Equations encountered in packed bed reactor modeling range from algebraic equations to
multidimensional partial differential equations. Only very few and very simple models permit
exact analytical solutions, therefore the focus is on the numerical treatment of the model
equations. Fortunately, similar types of equations are encountered in other areas of
mathematical physics and have been investigated. Nevertheless, systems considered in this
work possess many specific properties that must be taken into account in order to efficiently
solve the equations. A system of algebraic-differential equations describing physical and
chemical processes in the catalytic packed bed reactor is of the reaction-convection-diffusion
type and inherits all the numerical problems specific for this type of system. The most

important numerical problems are:

1. Large differences in characteristic times for different reactions (reaction stiffness)
and physical processes.

Large number of equations

Strong sparsity of matrices involved

Numerical diffusion introduced by convection approximations

Non-physical oscillations near steep gradients and discontinuities

Reasonably looking but fake solutions

A R o

Strongly coupled equations resulting from coupling between physical- chemical

Processes

All these problems are addressed in the computational routines included in software package

“PackSim” — a package especially developed for mathematical modeling of packed bed
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reactors. The package includes most of the classical continuum models as well as novel wave
models. The core of the package is made of computational units solving certain types of
equations. The equations are solved by finite-difference methods. The computational units
are embedded in a user friendly visualized interface.

In the following section some of these numerical techniques are described. Firstly, section 3.2
deals with the problem of stiffness. It is explained why the trapezoidal rule accompanied with
a robust Newton-Kantorovich technique and a step size control method is well suited to solve
a stiff system of equations. Section 3.3 represents a new technique to optimize the usage of
computer resources and required simulation time. Section 3.4 presents a new technique for
efficient “decoupling” of solid and fluid phase equations. The proposed method enables an
efficient extension of algorithms for the solution of homogeneous systems to heterogeneous
systems. Finally, section 3.5 describes a method designed to solve linear algebraic equations
with sparse matrices resulting from the discretization of the diffusive terms. This chapter
mainly focuses on the solution of classical continuum models. A numerical method for the

solution of the wave model equations is developed and presented in chapter 4.

3.2 Stiffness

The first problem addressed in this chapter is the stiffness of the source terms. The stiffness
of chemical systems is caused by extreme differences in time scales of different reactions.
The ratio of the characteristic times of the fastest and the slowest reactions determines the
stiffness ratio of the problem. In chemical reaction systems the stiffness ratio can easily reach
a magnitude of 10° - 10’.

Numerical problems caused by stiffness can be nicely illustrated with a simple famous

problem described by Gear (1971):

W'=998-u+1998-v,  u(0)=1

, (3.1)
V'=-999.4—1999-v, 1(0)=0

The analytical solution of this problem is given by
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U=2e" — 1000

— —1000
y=—e'4+e

Obviously, from the analytical solution it can be easily concluded that the contribution of the
second terms is negligibly small compared to the first terms. However, if the system is solved

numerically, e.g. by an explicit Euler method

w' =u" +h(998-u" +1998-v"),  u’=1, n=123,.
Vn+1 =" +h(_999.u” _1999.\/’)’ VO = O, n= 1,2,3,...

the integration step size 4 has to be chosen as & = min(1/4;, 1/4,), where 4, = 1 and 4, = 1000
are the eigenvalues of the system. This restriction is dictated by stability considerations. A
stability analysis shows that for the explicit Euler method the error of the approximation is
amplified by factor (1-hdy)"' at each step. Obviously, for 4> 1/1, the solution is
deteriorating.

Generally, by the definition of Dahlquist (1963), a method is said to be A-stable, if all
numerical approximations tend to zero as n — o when it is applied to the differential

equation y" = Ay with a fixed step size 4 and a constant A with a negative real part. Any

method designed to solve problems involving chemical reactions must be A-stable or very
close to it. Most widely used and often recommended methods for solution of stiff problems
are so-called BDF-multistep methods of Gear, 1971. These methods can have an order up to
6 and still be close to A-stable methods. Also the method developed by Bader and Deuflhard,
1983 was applied to problems of chemical kinetics with great success. Their method
employed a semi-implicit extrapolation technique, has a high approximation order and is also

close to A-stable.
Respecting all the merits of these and some other techniques proposed in the literature,

another method has been implemented in the package — second order one-step implicit

trapezium rule.
Y=y 4 h[f(t”,y”)+ f(t””,y"”ﬂ (3.2)
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The method was the subject of the famous work of Dahlquist, 1963, where he proved that any
multi-step method of order higher than two cannot be A-stable and that the implicit
trapezoidal rule is the A-stable method of order 2 with smallest approximation error
coefficient. This is the first, but not the main reason of our choice. Our own experience shows
that the aforementioned higher order methods work better when applied to a system of
ordinary differential equations (ODE). But in practice most of the mathematical problems are
at least two-dimensional or non-steady state and ODE solvers are employed to solve
equations resulting after spatial discretization of the original partial differential equations.
The approximation order of the spatial discretization is limited due to either computational
cost or problems associated with the boundary conditions. Thus, the high order of the time
discretization can be spoiled by the errors of the lower order spatial approximation. On the
other side, high order approximation of spatial derivatives usually require costly techniques
and, therefore, high order temporal discretization, which usually include repeated spatial
discretizations at different time levels, leads to significant increase of the computational time
and complicates the implementation of the algorithm. In addition, high order temporal
discretization also requires repeated evaluations of the source term and their Jacobi matrices
at each spatial computational grid point, which is also very costly. A numerical method
designed in Chapter 4 to solve the wave and the convection dominated diffusion type models
clearly demonstrates the necessity of incorporating a simple but sufficiently robust method to

solve ODEs resulting from PDE spatial discretizations.

To be capable of dealing with stiff differential equation systems, a numerical method must
incorporate an automatic control of the integration step size. Step size adjustment not only
optimizes the integration step sizes, but also guaranties a certain predetermined accuracy of
the solution. This is especially important for “black-box” type software, to which “PackSim”
belongs, where the program should adjust itself to solve problems of different complexity.
Powerful techniques have been developed for ordinary differential equations (ODE), see, e.g.
Moore and Petzold (1994) and Hosea and Shampine (1994). These methods are robust and
efficient for ODEs, but are not well suited for large multidimensional PDE systems. To solve
these systems several aspects must be taken into account simultaneously: strongly nonlinear
kinetics and, consequently, embedded Newton type iterations in each time step; discretization

of diffusion terms; special treatment of convection terms; restrictions on the time step
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imposed by Courant-Friedrichs-Lewy (1928, 1967) condition; necessity of spatial mesh
adaptation. All these reasons make the usage of complex step size control strategies virtually

impossible.

A simple, yet effective and robust technique was implemented in “PackSim”. The method
addresses two major concerns: convergence of the Newton iterations and control of accuracy.
Firstly, the step size dt is adjusted to make the Newton iterations converge in Ay, ~ 5-10
steps. If after 4,4, steps the accuracy (of the solution of nonlinear algebraic equations) fo/; has
not been achieved then the current dr is multiplied by & ~ 0.5-0.7. If the accuracy to/; is
achieved after 1-3 steps, then dt is multiplied by k; ~ 1.2-1.4. The solution y(#y + dt) is
calculated from known yy(%,) with the time step size d¢. The second solution y,(#y + dt) is
calculated from #, by two consecutive time steps of length d#/2.

Usually Newton iterations for these two steps converge very rapidly and no additional
adjustment of dt is required. Though the convergence of the Newton iterations very often
indicates the overall accuracy of the solution, more strictly, it is only a measure of the
accuracy of the algebraic equations obtained by certain discretization of the differential
equations. However, E = |yy(ty + dt) - yi(to + dt)|/vscar 18 @ good indication of the accuracy of
the time discretization itself. Here y,.,; serves as a scaling factor. For the trapezoidal rule £ =
O(d?’). In the proposed automatic time step size control E is made small enough by halving
dt, until the first £ ~ 3-5 digits of y; and y, are coinciding. In this method only the calculations
for the first chosen dt, can be somewhat time consuming, and for all the following integration
steps the intermediate solution in the “halfway” has already been calculated: y,(z + dt;+1) =
Wty + dt/2). The combination of this two (embedded) time step adjustments assures both
convergence (stability) of the numerical solution and fulfillment of imposed accuracy

requirements.

An example to demonstrate the capabilities of the proposed method is given below. The
example qualitatively describes the experimentally observed oscillating behavior of the
Belousov-Zhabotinskii reaction. Cerium ion catalyzed oxidation of malonic acid by bromate
in a sulfuric acid medium exhibits both temporal and spatial oscillations. Using the FKN
mechanism by Field and Noyes (1973), the complex reaction system can be simplified to a

system, called Oregonator, and schematically represented by
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A+Y —5X

X+Y —2—P

B+X—£—2X+7Z

2X—%5Q

Z—55Y
The kinetic behavior of the Oregonator can be described by the system of three ordinary
differential equations (3.3) involving the dimensionless concentrations of the three

intermediates X = [HBrO,], Y = [Br 7] and Z = [Ce(IV)], denoted by «, #, p respectively:

d—azs(n—an+a—qa2)
dt
an _
—=s5 (—n—-on+ 3.3
=5 (n-antp) (3.3)
dp
S =wla=p)
where
X:kl—Aa:5.025><10‘“0: s = kS—B=77~27,
k, kA
Y:]%—Bn:3.0><10’777 q:M:&WSxIO‘é,
2 k2k3
kk k
Z="3ABp=2412x10"* w=—"2-—=0.16
Ik, P P JekAB
A=B=0.06M t =7/ \Jkk,AB =0.1617

a(0)=4, n(0)=1.1, p(0)=4

Periodically — depending on the concentrations of the intermediates — different reaction steps
become dominant in the overall reaction rate. The stiffness ratio of the problem reaches
magnitudes of 107 at the extrema points. The period of the calculated oscillations, 48.75 s,
was very similar to that obtained experimentally for the same concentrations. Results of the
calculations are shown in

Figure 25 and Figure 26 and demonstrate the capability of the method to cope with a

combination of extremely fast and relatively slow reactions.
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Figure 25 shows automatic step size adjustment allowing the integration of the system with a
dimensionless time step of 10°- 10 in most part of the interval and that only in narrow

regions of extremely high gradients the scheme shifts to time steps in the order of 107.
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Figure 25. Dimensionless HBrO, () concentrations and the integration time step as a function of the

dimensionless time for the solution of the Belousov-Zhabotinskii reaction.
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Figure 26. Dimensionless Br (7)” and Ce(IV) (p) concentrations as a function of the dimensionless

time for the solution of the Belousov-Zhabotinskii reaction.

The next numerical problem addressed in this chapter to a certain extent is also connected
with differences in characteristic times for reactions, but originates from the necessity to

rearrange a large system of equations in its most optimal way before actually solving.
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3.3 Optimization of the system of balance equation

A formal and most general form representing balance equations for packed bed reactors is

given by
M —
L,T=)(-AH,)R,(T.C),
Jj=1
oy B (3.4)
LC=2 ~HR, (r.C), i=12,.N
=

with stochiometric reaction equations:

firstreaction: v, \C +v,,C, +v;C;+..+Vv,,C, =0
i —th reaction: v, C,+Vv,,C,+Vv,;C;+...+v,,C, =0 (3.5)

lastreaction: v, C +v, ,C,+v, C;+..+v, ,C, =0

Here,
T is the temperature
C; is the concentration of the i-th component
N and M are the number of the components and chemical reactions respectively
v;; are stochiometric coefficients
R; is the reaction rate of the the j-th reaction with respect to the j "-th component
j* is index of the key component for the j-th reaction (it is always possible to choose

the key component for reaction ;j in such way that Vo7 0)

Ly and L¢ are operators responsible for heat and mass transport and accumulation

respectively

It is important that all operators responsible for transport processes in a packed bed are
considered to be linear with respect to the transported quantities. Lumped operators Ly and L¢

can include, e.g. time and spatial derivatives, heat exchange between phases, etc.
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There are two ways to proceed with the numerical solution of system (3.4) and (3.5). The first
way is to solve the balance equations for each component C;, i.e. to solve N+ 1 equations.
Obviously, due to a possibly large number of components, and hence, equations, this is not a
very efficient way. The second way is to abstract from the linear algebraic system (3.5)
linearly independent components, to solve the balance equations only for these independent
components and then calculate the concentrations of the remaining components from the
stochiometric balance equations (3.5). However, even for a system with 15-20 components
finding a linearly independent subsystem of (3.5) is not an effortless task. Therefore, a simple
method has been developed to avoid extraction of a linearly independent subsystem.

The idea behind the method is the introduction of new unknown variables 7, j = 0,..., M

according to the equations

T=T"+n,

C.:C?+§:
b V..

N

V.. 3.6
=1, i=1.,N (3.6)

or in a vector form:

N7 r 3.7
H‘ T G

The meaning of 7); of is similar to the reaction extents. T ® and Cf, i=1,... N are suitable

reference temperature and concentrations respectively.

Using equations (3.6) variables C; on the left hand side of (3.4) are replaced by 7. Thus, the
balance equations are rewritten in terms of the 7);:

Ly, =y (-AH )R, (T.C) =(definition) = R, (7, C),

J (3.8)

Ly, =R,(T.C),  j=12,..M
As a result, system (3.4) and (3.5) is replaced by system (3.7) and (3.8).
Any numerical technique used for (3.4) and (3.5) can be applied for (3.8) and (3.7), despite of
the fact that transport processes — the left hand sides of the balance equations — are written in
terms of 7], whereas the reaction rates are functions of concentrations. All the techniques

used for the solution of algebraic-differential equations employ some type of iteration or
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marching, so that these methods can be easily adapted for the new system. Implicitness of the
methods can also be managed here for the new system of equations. The main distinction
from the implicit method employed for the original system (3.4) is in the calculation of the

Jacobi matrix. Schematically the Jacobian is calculated according to the following procedure.

Denote
Iy %, i,j=0,.,M
7o,
A oR. . o
=—-, 1=0,.M, j=0,.,N

then forij=1,.... M

<
&

Ty | -

2l

and
J =%, i=1,..M
M
Joo = ;(_AHka,o)
M
Joj :Z(_AHka,j)

Special care in the implementation of the new approach should be paid to the incorporation of
the boundary conditions. The boundary conditions might be given in terms of “external”

concentrations C... and C.., which have no relation to the stochiometric equations.

Rewriting the balance equations in form (3.8) and (3.7) has several advantages. First of all, as
a result of the transformation the least number of differential equations is solved. This
minimal number is equal to the number of reactions. The second merit of the proposed
approach is the automatic selection of the balance equations, i.e. there is no need to extract
linearly independent components from the system (3.5). This is of particular importance for

the “black-box™ type packages. The user has only to supply stochiometric equations and the
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corresponding kinetics for the each reaction. Finally, the approach avoids the numerical

V..
differentiation of sum E LR ; present in the right hand side of the second equation of (3.4)
V..
Jo

. This differentiation of the system might be inaccurate and might cause troubles because
each term in the sum has its own characteristic time scales. Of course, these troubles could be

also avoided by changing the order of the differentiation and the summation.

3.4 Coupling between solid and fluid phase equations

In this section a technique for efficient solution of the heterogeneous model equations is
presented. The goal is to incorporate the solid phase equations into the numerical algorithm
designed for the solution of corresponding homogeneous model equations. The technique will

be described for a most often used 2-D heterogeneous model, given by the balance equations

for:
the fluid phase:
up,c a—T—le"i(ra—szhfav(T‘v—T)
P9z v oor\ or (3.9)
oC, D, d( aC, , '
————|r—|=k,a,(C -C
. dz r ar(r arj fav( i ')
the solid phase:
ha \T'-T)=R,(C°,T")
s )=% (3.10)

koa,(C°=C,)==R(C".T")

boundary conditions:
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z=0: T=T, C=C,
aT _ . aC

r=0: <=0, %=,
or or
r=r: AL - (r-1,), %0,
or or

Second order approximation of the spatial derivatives in the radial direction

du| Uy U
orl., —dry+dr,
d’u 2 2 2

) Upn = U+ Ujm
| dr(dr+dr) " drdr, T dr(dr,+dr)
yields a system of algebraic-differential equations of the following form:

=Dy +ky(z-7)
-5=/(2)

Here 7, j = 0...N,, are the radial positions of the grid points and dr; = 7+ - 7;.

|

(3.13)

N|

J— —_ _— r —_
y:(yo,yl,...er) , Z:(
y,=(T,C, ..C,)', Z,=(I",C}, ...C},)'

_ _ T
ZysZys o ZN")

D isa (M+1)-(N,+1) x (M+1)-(N,+1) tridiagonal matrix resulting from the discretization

(3.12) of the radial derivatives in (3.9).

M is the number of components in the system (in fact, in view of section 3.2, M is the number
of reactions), superscript 7 denotes transposition, k is a diagonal (M=+1)-(N+1) x
(M=+1)-(N,+1) matrix determining solid-fluid heat and mass transfer, Disa tridiagonal matrix

resulting from the discretization of diffusion terms, and vector function 7 refers to the

reaction rates and the heat production rate.

Because of the reasons discussed in section 3.1 the derivatives in axial ditection appearing in
(3.14) are approximated by the implicit trapezoidal rule. As a result (3.14) is transformed to a

system of 2-(M+1)-(N,+1) algebraic equations with the same number of unknown variables:
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where £ is the axial step size, »°, z° are known.

The powerful Newton-Kantorovich method is applied to solve this system of nonlinear

equations. The method applied to (3.15) is given by:

oF,/dy OF,/oz
oF. /dy OF, /oz

[51__ F(v7.5.2")
L2 F (2 5.2)
7 =5 + 65 (3.16)

" =Zz"+ 87

with known y",z".

The specific properties of system (3.16) are utilized to efficiently solve the equations. Note

that
oF hr= = oF, ) =
a—)_;f——l —[D—kéf}, —L=2ky
Y i 3.17)
ok 1, Ly
ay Z

with 7 as the unity (M+1)x(M+1) matrix and J =9f /0Z .
Using (3.17) system (3.16) is splitted into two systems, which are solved consecutively.

Firstly the fluid phase equations are solved from

" (3.18)
=F, ()_/”,En,)_/o,fo)-i-gzs_/' (1-J) Fi(35".2".5".2")

and subsequently the equations for the solid phase given below are solved

57:(J—J):[5y+17s(y",7”,y°,2°)} (3.19)
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System (3.18) has the same structure as that obtained from the corresponding homogeneous
model; namely, a block tridiagonal matrix with diagonal sub and upper diagonal blocks. It is
a sparse system of linear equations that can be efficiently solved with the number of
operations proportional to M° N,. The procedure for solving such types of linear algebraic
systems is described in the next section. Arrangement of the state variables in the order given
by (3.14) and splitting of the system into two subsystems (3.18) and (3.19) (to be solved
consecutively) allows the application of all numerical techniques developed for homogeneous

systems also to heterogeneous systems.

3.5 Solution of systems with diffusion terms

The presence of diffusive terms in the system of model equations has a two-fold effect on
their numerical treatment. On one side, the diffusion smoothens the solution and reduces
difficulties associated with the approximation of the convection terms. On the other hand, the
diffusive terms demand implicit approximation schemes to avoid too small time steps, which
ultimately lead to large systems of algebraic equations. A numerical technique for the
solution of algebraic equations resulting from the discretization of diffusive terms is
described in this section. The technique is described on the basis of a 1-D non-steady state

homogeneous model

2
8U+A8U_Dza [2] =R"(U) (3.20)
ot 0z 0z

This section focuses on the effect of diffusion terms, although usually in packed bed reactors
convection is the dominant transport mechanism. Discretization of convection terms requires

special techniques that will be considered in Chapter 4. Here, it is simply assumed that the

approximation
aU ~ (AU)7+1/2 B (AU):—I/Z
0z Az,

1
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is sufficiently accurate and no further details of it are considered. Also note that the presented
algorithm is also valid for the solution of 2-D steady state model equations. In addition,
following the discussion in previous section, the method can be easily extended to the
heterogeneous models.

In the following, system (3.20) will be solved subject to the following general boundary

conditions:

z=0: 3—)2;=ALy+BL

(3.21)

z=1: g—JZ/:ARy+BR

Discretization of the system is done by explicit (at time ¢) approximation of the convection
term, implicit (at time ¢ + Af) approximation of the diffusive term and Heun’s type of time

stepping, i.e.

Uil -U; " (AU)7+1/2 — (AU
At Az

1

S _piyt = g () (3.22)

Uin+1 —O.S(U,»” +Ui1) (AU)1 _(AU)LI/Z

i+1/2

+
At/2 Az,

1

-DU'=R”(U}), i=1..,.N-1 (323)

Here D! is the discrete operator approximating the diffusive term. The computational grid is
defined in such a way that the boundaries coincide with the cell center of the first and the last
cells, i.e. a mesh of type Il is used (see section 4.3.5).

Due to the strong non-linearity of the reaction rates, the right hand side of (3.22) is linearized
and the system is solved by Newton iterations. The solution of (3.22) —which is in fact the
first order Euler approximation of (3.20)- is upgraded to second order using relation (3.23).
The correction is “computationally cheap” because no iterations are needed and no linear
algebraic system needs to be solved. On the contrary, (3.22) is a system of (N, +1)(M+1) x
(N;+1)(M+1) nonlinear algebraic equations, the solution of which involves both iterations
and large matrix inversions. NV, is the number of cells in the computational domain; M is the

number of reactions. Discrete operator D! determines the structure of the system. The

diffusive terms are discretized according to
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o’u

0z*
V4

=~ 2 Uy~ 2 u; + 2 u,,
=z, AZi (AZI + AZi—l) AZiAZi—l AZi—l (AZI + AZi—l)

(3.24)

The derivatives at the boundaries (i = 0 and i = N,) are discretized using second order

approximations

du
0z
du
0z

( 2 1 ] 2 1
=| - + u,+ u, — u,
i Az, Az, +Az Az, ' Az, +Az,
(3.25)

2 1 2 1
= - uN. _—uN,—l +—uN,—2
=N, [AZN: 1 AZszl +AZN:2] “ AZszl “ AZN:—I +AZszz “
System (3.22) and boundary conditions (3.21) make up a system of nonlinear equations

F (J’ayn) =CoYo + By + 4y, +E; =0
F(y.y") =y, — y!' +AtCony, (y”)—AtEy—AtR}D(y)zo, i=1,...,N, -1 (3.26)

y
FN_. (y’yn) = CN_.yN_. +BN_.yNZ—1 +AN_.yN_.—2 +EN_. =0

Constant (M+1) x (M+1) matrices Aonz, Bonz Con: and Egn. are determined by boundary
conditions (3.21) and approximations (3.25).

Here

y=(ULUL..LUL) U =(T,CLen g )

1 1 1 1

Conv (") is the numerical operator representing the approximation of the flux derivatives. D
is a tridiagonal (N,+1)(M=+1) x (N.-1)(M+1) matrix determined by discretization (3.25).
Newton’s method applied to (3.26) reads

_ aF k’ n
AS)* E%wf =—F(y*.y") (3.27)
yk+1 :yk +5yk
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where the starting values of y are taken from the n-th time level, i.e. Y = )" and the

converged yk determines the solution y'. Matrix A is “almost” block-tridiagonal. Only the

first and the last (M+1) rows break up this structure.

G By, 4,
G B 4
G, B, 4,
X: . .
Cy. Bszz ANfz
CN:—I BN:—I ANZ—I

Moreover, matrices 4;, C; , i = 0...N,, By, By, are diagonal.
“Almost” block-tridiagonal system (3.27) is solved by a method, which can be considered as
a modification of the Thomas’ algorithm for tridiagonal systems. Each scalar a;, b;, and ¢;, in

the Thomas’ algorithm is replaced by matrices 4;, B;, and C;, and care is taken for the first

and the last (M +1) rows of matrix Z .
Provided that all matrices involved are invertible — as always for the packed bed reaction

problems — system (3.27) is equivalent to the following system of equations:

Cy0y,+B,0y,+4,0y,=0
oy, =L 0y, +K,i=1...N,
L=-[CL_ +B]" 4 (3.28)
K.=[CL_ +B]'[F-CK,_]

CNZ5yNZ +BN25yNZ—l +AN:5yN:_2 =0

To permit the use of the “sweeping” technique to solve (3.28), i.e. to calculate L; and K; from

left to right and then calculate dy; from right to left, values of Ly, Ky and Jy,. are required.
Ly, Ky can be calculated using the first 2(M+1) equations of (3.27) and Jdy,, is calculated

using the last 2(M+1) equations of (3.27). As a result the relations
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51, =€~ 447, [8,- 48,0 [C - 4G, ] [Fr- Ak 'R

|:ANZ—1 - CNZ—IC]:{AN: + (BNZ—I - CNZ—IC]:{BN: )LN:—1]5J’N: =
FN:—I - CN:—IC]:/iFNZ - (BNfl - Cszlc;/iBNz )KNfl

are obtained. The first set of equations yields

L, = _[Cl ~44,'C, :I_l I:Bl - Ale_lBo:I

» (3.29)
K, = [Cl_Ale_lco} [Fi_Ale_lFo]
The second set of equations determines dy,. as
-1 -1 -l
5yN: = |:ANZ—1 - CN:—ICN: ANZ + (BNfl - CNflch BNZ )LNfl] X (3 30)

X|:FN:—1 _CN:—IC]:fiFN: _(BNZ—I _CN_.—IC]:ijNZ )KN_.—J

Having Ly and K| calculated by (3.29) L; and K are calculated for all i = 1... N, according to
the third and the fourth equations of (3.28). Then, having Jdy,, calculated by (3.30) and

knowning L;, K, the second equation of (3.28) is used to calculate dy; fori =0...N,— 1.
It should be noted that most of the matrices involved in this algorithm are diagonal, and

therefore, many matrix multiplications and inversions involve in fact only few operations.

3.6. Summary and Conclusions

In this chapter numerical techniques dealing with the most salient numerical problems
specific to packed bed reactor model equations have been considered. All the techniques have
rigorous mathematical justification and have been implemented in “PackSim”, a software
package specially developed for packed bed reactor modeling.

The first numerical problem considered in this chapter is the problem of large differences in
characteristic time scales for different reactions (stiffness), which is a serious problem in
many physical-chemical systems. In this work a stiff nonlinear equations solver is combined
with a simple and efficient automatic time step size control algorithm. The proposed method
was developed for the solution of ODEs resulting from the spatial discretization of partial

differential equations. It is very common that the spatial discretization of PDEs involves
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sophisticated techniques and requires significant computer resources and computational time.
Therefore, the presented ODE solver is developed in such a way that it is simple enough to be
incorporated in PDE solvers and robust enough to efficiently solve ODEs. The capabilities of
the method have been demonstrated solving an extremely stiff ODE system.

The second problem specific to the packed bed reactor model equations and considered here
is related to the large number of equations to be solved. A technique is proposed to optimize
the number of governing partial differential equations before solving them numerically. The
algorithm introduces new dependent variables (instead of unknown concentrations), which
are “independently” transported and accumulated. The concentrations of all the components
are calculated from these new variables, which is used in the evaluation reaction rate
expressions. It has been shown that the technique assures the solution of the minimum
possible number of equations. This is especially useful in case of a large number of
components and reactions in order to minimize the usage of computer resources and
computational time. Furthermore, the technique also allows automatic selection of the
differential equations to be solved, whereas the concentrations of the remaining components

are calculated using stochiometric equations.

Another technique has been proposed to incorporate solid phase balance equations into the
solution procedure designed to solve pseudo-homogeneous model equations The method
allows decoupling of fluid and solid phase equations in such a way that the large system of
finite-difference equations is solved in two consecutive steps. In each step a much smaller
system is solved. The method is especially efficient if the discretization results in structured
sparse matrices. In addition, it allows a straightforward extension of the numerical programs
developed for the solution of homogeneous systems to algorithms for heterogeneous systems.

Finally, an efficient solver for sparse linear algebraic equation systems resulting from the
discretization of diffusion-type equations is developed. The method effectively incorporates
the boundary conditions typical for these types of equations. The technique is especially
beneficial, if the number of the reactions is much less than the number of nodes in the

computational grid.

In the next chapter the remaining numerical problems listed in the introduction to this chapter

will be addressed.
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Chapter 4

Abstract
An ENO based numerical method for the solution of the non-steady state

wave and the convection dominated diffusion type models has been developed. Special
attention is paid to the discretization of the convection terms. The proposed method
extensively takes into account physical and mathematical features of the models and
produces accurate and stable results. An algorithm for the approximation of one-dimensional
scalar nonlinear equation is first described. The algorithm is then extended to two-
dimensional systems of equations. The method allows efficient integration of the convective
term in combination with the diffusion and source terms.

An efficient mesh adaptation technique has been developed to further enhance the
capabilities of the method. The method satisfies a list of criteria for mesh adaptation
techniques. The method extensively uses data already computed for the ENO discretization
and conserves all the beneficial properties of the ENO scheme. The technique is developed
and described for one- and two-dimensional problems and can be extended to 3-D problems.

The advantages of the numerical method are demonstrated using several test cases.
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4.1 Introduction

Continuum models describing transport phenomena in packed bed reactors have been
considered in chapter 2. Generally, the models are presented in the form of a set of Partial
Differential Equations (PDE) containing time and space derivatives. The models incorporate
a variety of interconnected chemical and physical processes. The complexity of the real
processes taking place in the reactor not only leads to uncertainties and difficulties with their
mathematical description, but also to considerable problems in the numerical treatment of the

resulting equations. The numerical difficulties specific for this type of PDE’s are:

8. Large differences in characteristic times for different reactions (reaction
stiffness) and physical processes

9. Large number of equations

10. Strong sparsity of matrices involved

11. Numerical diffusion introduced by convection approximations

12. Non-physical oscillations near steep gradients and discontinuities

13. Reasonably looking but fake solutions

14. Strongly coupled equations resulting from coupling between physical and

chemical processes

The first three of the aforementioned numerical problems have already been addressed in
Chapter 3. This chapter will focus on the last four of the listed difficulties. These problems
require specific attention especially when solving the wave model equations, which will be
considered in the next chapter, since they constitute a hyperbolic PDE system. Hyperbolic
equations do not smoothen steep gradients and discontinuities and, moreover, smooth initial
data can evolve into shock waves, thus requiring special numerical solution techniques. Also
the solutions of convection-dominated standard dispersion models (SDM) require special
methods to handle very steep gradients and discontinuities. Problems associated with the

numerical treatment of such models are in the focus of this chapter.
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The application of the numerical method developed in this chapter is not restricted to packed
bed model equations only. The technique can also be applied to a variety of fluid dynamics

problems, where the vector of unknowns U is given in the following general form:

U, IF(U) , IGWU) _IF,(U,VU)  3G,(U,VU)
ot ox ady ox dy

+R(U) (4.1)

Here the vector-functions F(U) and G(U) represent convective fluxes, the vector-functions
FyU,VU) and G4U, VU) account for diffusion effects and R(U) represents the vector of
source terms.

Both the wave and the standard dispersion model can be presented in this general form, see
Table 4.1.

Even though the convection fluxes F(U) and G(U) in the SDM and the wave model are linear
with respect to the state variables, the method designed in this chapter is also capable of
solving systems with general non-linear fluxes. Actually, the code was tested for Euler
equations of fluid dynamics and a few other fluid dynamics problems, where the convection
fluxes are non-linear. The only fundamental restriction imposed on system (4.1) is the

OF(U) __, IGWU)
U

requirement of diagonalizability of the matrices

for any U in the domain

of interest. In other words, it is required that for every U there must exist matrices Z, 2,
S ~ OF & 0G ) ) . .
Y and Y such that Za—UZ and Ya—UY are diagonal. In physical terms this requirement

means that transported quantities can be regrouped in such a way that each combination is
independently convected in a certain characteristic direction with a certain characteristic
speed. The speed of propagation is determined by the diagonal elements (eigenvalues) of

OF (U) and 0G(U)
oUu

matrices

If all their eigenvalues are real and different, then, it is guaranteed that the matrices are
diagonalizable, however, this is not a necessary condition. For example, packed bed reactor
models involving multi-component fluids consist of equations where the matrices have
multiple equal eigenvalues. Nevertheless, it is possible to diagonalize this system, since the
balance equations are coupled via the reaction rate terms and the “components” are convected

“independently”.

88



Convection terms

Table 4.3. Representation of the standard dispersion and the wave models in the form of general system (4.1).

Standard dispersion model

Vector of

unknowns

Equations

Matrices

R(U)

U=(T, ¢

2
a_l]_i_l\a_l]:DZ a l2]+ rli(
ot 0z oz 7 or

A, D;, D, are diagonal matrices

i {fr(c, T)}

fC(CaT)

oU
Pl
or

]+R(U)

Wave model
U= (T, C, jmr jmrr jours jour)"
a_U+ Aa_U+Ba_U :R(U)
ot oz or
All A12 0
A=A, Ay O
0 0 A,
0 B13
B= 0 0
B31 0
C f(C.T)]
Jfe(C,T)
RU)= T
Sz
Sir
L me .

A, D, D,, Ajjare (M+1) x (M+1) matrices defined in Appendix 4.A

M is the number of reactions. Superscript 7 denotes the transposition operation. Other

information about the two systems is given in Appendix 4.A

In chapter 3 some salient problems specific for convection-diffusion-reaction systems have

been considered. A technique for the automatic selection of the optimal number of

independent balance equations has been proposed. In addition, an efficient and easy to

implement method of coupling of the fluid and solid phase balance equations has been

developed. This chapter focuses on the construction of an effective and trustworthy method

for the approximation of the convection terms and their coupling with the diffusion and

source terms and the boundary conditions In Section 4.2 the main difficulties encountered in

the numerical treatment of several system of type (4.1) are systematically discussed. This
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section is concluded with a list of criteria that should be satisfied in order to construct a
reliable and efficient numerical solver. An Essentially Non-Oscillatory (ENO) scheme for the
solution of hyperbolic (wave) and convection dominated parabolic (diffusion-type) equations
is constructed in Section 4.3. In this section firstly a 1-D linear scalar equation is considered,
which is consequently extended to 2-D systems of non-linear equations. The section is
completed by the description of the numerical treatment of the boundary conditions and the
diffusion and source terms. An efficient 1-D and 2-D mesh adaptation technique has been
developed reckoning the specific properties of the ENO scheme. The technique automatically
adjusts the computational grid to the solution being calculated and by that optimizes the
calculations. The mesh adaptation technique is described in Section 4.4 for 1-D and 2-D

systems. The technique can easily be extended to 3-D systems.

4.2 Approximation of the convection terms

Calculation of the convection of some physical quantity from one location to another may
demands more of the numerical technique than the simulation of other effects, such as
diffusion or reaction. One of the reasons is the absence of natural smoothing of profiles in the
calculations of the convection terms. In fact an opposite effect might occur: discontinuous
(weak) solutions may emerge from initially smooth data. From physical considerations,
convection is subjected to constraints of positivity, conservation and time reversibility.
Therefore, preferably these constraints should be inherently incorporated into the numerical
algorithm to calculate the convection terms. Problems encountered in the numerical treatment
of the convection terms are described in the following subsections, from which requirements
on the numerical methods are deduced to overcome the problem in the approximation of

convection terms.

4.2.1 Finite propagation speed and the CFL condition

Consider a hyperbolic system of two linear equations

ou 9v

—+a—=0

ot ox (4.2)
v Ju

CAAPpACLI)

ot ox

with initial data u(0,x) = uo(x) and v(0,x) = vo(x) to illustrate the idea of a finite signal

propagation speed and its effect on the numerical approximation.
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The exact solution of the system is given by:

u, (x—at)+v,(x—at) Lo (x+at)—v,(x+at)

u(t,x)= 5 5
4.3)
u, (x—at)+v,(x—at) u,(x+at)—v,(x+at)
v(t,x) = 5 — 5

Solution (4.3) shows that the initial information about functions u# and v (uo and vg)
propagates along the characteristic lines of the system (4.2), given by x + at = const with a
finite speed a. Thus, the solution at point (¢, x) is uniquely determined if the initial data at x
=x —at and x; = x + at are known, and vice versa, the initial data at point x, influence the
solution only along two characteristic lines: x — at = xo and x + at = xo. Qualitatively these

properties are valid for the general hyperbolic system given below.

W A%y (44)
ot ox

Rangeof influerce of

Domain ofd ependence point ¢ox0)

of point ¢x)
A
t X- Amin t =COnst X- Amax T =cCONSt
A (1, x)
X- Qmax t = const X~ Qmin t =cCOnst
B P Q C (tox0)

X

Figure 27. Schematic representation of the domain of dependence and the range of influence for hyperbolic
systems.

The speed and the direction of signal propagation are determined by the eigenvalues of
matrix A. The solution of the system at point A(# x) is completely determined by the initial
data in the interval [B, C], as indicated in Figure 27. Here a,;, and a,,,, denote the minimal
and the maximal eigenvalues of matrix A, respectively. Characteristic lines x - a,,;, t = const
and x - @uq t = const bound the domain of dependence of point A. In other words, the

solution of the general hyperbolic system (4.4) at point A depends only on the solution in the
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interior of the triangle ABC, and points outside ABC do not effect the solution at this point.
Inversely, the influence of the initial data at point (#, xo) can not spread beyond the region
bounded by the characteristic lines originating from (¢y, xo), i.e. the range of influence of
point (¢, xo) is bounded by the two characteristic lines lying furthest apart, see Figure 27.
These fundamental properties of hyperbolic systems must be taken into account in the
construction of a numerical approximation of the equations. The criterion linking the above
considered mathematical properties of the system to the properties of its finite-difference
approximation is called the Courant-Friedrichs-Lewy (CFL) condition. The CFL sets a

restriction on the ratio of temporal and spatial discretization steps

At maX(| ain |a | Arax |)
Ax

CFL =

<1 (4.5)

The CFL criterion states that the numerical scheme will not converge, if the domain of
dependency of the system is larger than the domain of dependency of its numerical
approximation. Indeed, if triangle ABC in Figure 27 is the domain of dependence of exact
solution U(t,x), APQ is the domain of dependence of its numerical approximation Uj(t,x),
then changing initial data in the intervals BP and QC can influence U at (¢ x), but the
numerical solution at (z,x) will not be effected. This means that Uj(¢, x) cannot converge to
the exact solution U(¢, x). In fact, Courant, Friedrichs and Lewy (1928, 1967) derived the
condition in the course of proving the existence of the exact solutions of certain PDE’s using
their finite-difference analogs. It is important to realize that the CFL condition is only a
necessary, but not sufficient condition for numerical stability. Although CFL = 1 may suffice

in some cases, generally a more strict condition (CFL = 0.4-0.8) is applied in practice.

4.2.2 Upwind differencing
If a piece-wise constant profile (e.g. a concentration or temperature profile), depicted in

Figure 28, is moving according to the advection equation

M a0 with a>0 (4.6)

o ox
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the front moves either in the positive or the negative x-direction without any change of front
shape. The direction is determined by the sign of a; a positive value of a corresponds the
movement of the front in the positive direction. The direction of signal propagation should be

taken into account when constructing the computational stencil.

\/

t=t-dt t=1 t =t +dt

Figure 28. Concentration front moving according to the advection equation.

For example, when using centered differencing (stencil shown in Figure 29a), the numerical
solution at (n+1, j) is strongly influenced by the value at (n, j+1). This is, however,
physically unsound and leads to instabilities in the calculations. In contrast, the “upwind”
discretization scheme (stencil depicted in Figure 29b), does not use the value at (n, j+1) and
tracks the initial data in the physically correct direction and is stable, provided that the CFL

condition has been satisfied.

n+1 n+1

-1 ] i+l j-1 j

b
b

a) b)

Figure 29. Stencils for numerical discretization of the advection equation: a) centered differencing, b) upwind
differencing.

93



Chapter 4

Similar considerations hold for any hyperbolic system of equations. Proper rearrangement of
unknown vector-functions results in a set of new (characteristic) variables that propagate
along their characteristic lines. Each characteristic variable propagates in its own direction
and should be approximated in upwind fashion (in their characteristic direction). However, in
practice the requirement of strict upwinding is too restrictive from the point of view of

approximation accuracy. Usually small “smart” downwind influence can be tolerated.

4.2.3 Discontinuous solutions and monotone schemes

One of the features of the hyperbolic equations that greatly complicates their numerical
treatment is that discontinuities or very steep gradients do not diffuse and smoothen in time.
Moreover, even smooth initial data can evolve into discontinuous solutions. Difficulties with
handling of discontinuities can be encountered even for the simplest advection equation (4.6)

as considered in the previous subsection. This equation accompanied with the initial data

given by
1 x<0
u(0,x) =
0 x>0
can be solved using a first order accurate upwind scheme with stencil depicted in Figure 29b:
At
n+l n n n
ui" = u; A (”.f _“j—l) (4.7)
In Figure 30 the numerical solution calculated with CFL = 0.5 is compared with the analytical
solution.
1 A °°
° |—— Exact solution
0.8
0.6 - / °
u First order
0.4 1 upwind scheme °°
0.2 %
0 °°°o° nnnnnnnnnnnnnn
0 0.2 0.4 0.6 0.8 1
X

Figure 30. Comparison of the exact and a first order numerical approximation of the advection equation at ¢ =
0.5(a=1,At=0.01, Ax=0.02, CFL = 0.5).
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The figure clearly demonstrates a significant approximation error introduced by this scheme.
The discontinuity is smeared and ultimately the numerical solution may become irrelevant to
the exact solution.

The reason for this departure is the artificial diffusion introduced by the numerical
approximation. Indeed, the Taylor series of the solution of (4.6) is
du(x,1) N (At)2 a’ azu(x,t)

ox 2 ox’
The first order upwind difference scheme (4.7) does not approximate the second derivatives

u(x,t+At)=u(x,t)—Ata +0(At3) (4.8)

present in the expansion, therefore, the truncation error of the scheme has diffusion type form

2

O(sz)a—u which smoothens the discontinuity in the profile. Many widely used second
ox’

order schemes solve the problem of numerical diffusion by adding terms approximating the
diffusional term in the Taylor expansion (4.8). Two popular representatives of such schemes

arc:

the Lax-Wendroft (1964) scheme
J J T a1 jH

A 1( AcY
u’7+1:u’?—£(u” u' )+E(ajj (u” —2u}’+u}’_1)

and the Beam-Warming (1978) scheme

l'l+1 — n Ata 3 n 4 n n 1 aAt 2 n 2 n n
u, =u; _2Ax( u; = ”1—1+”J—2)+5 Ar (“j - “j—1+“j—2)

Figure 31 shows the approximation to the advection equation using these second order

schemes.
1 o ° 1 -
[e]e) H o
08 > |— Exact solution 08 - o | Exact solution
06 0 06
u / u
04 4 04
Beam-Warmin °
02 | Lax-Wendroff o 02 9
© o
OO 0 UOOOAUDVM
0 -
0
0 02 04 06 08 1 0 02 04 06 08 1
X X

Figure 31. Comparison of the exact and second order numerical approximations of the advection equation at ¢ =
0.5(a=1,At=0.01, Ax=0.02, CFL = 0.5).
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The fundamental problem arising with the application of higher order difference schemes is
the appearance of non-physical oscillations deteriorating the solution (referred as the Gibbs
phenomenon). The oscillations are caused by the so-called numerical dispersion, which can
explained mathematically using the von Neumann analysis. Briefly, the analysis is based on a
Fourier series of the solution at time level n, which is evolved to level n + 1 according to one
of the abovementioned schemes. Ideally, all the terms in the Fourier series would propagate
with the same speed a. However, with the mentioned second order schemes some terms lag
and some terms lead, which results in oscillations in the numerical solution. The oscillations
cannot be eliminated by refining the computational grid.

The problem of numerical dispersion does not appear if the scheme is monotone, i.e. if

vi 2u; for all j then vf” Zu_?“ for all j. The first order upwind scheme is a monotone

scheme and, therefore, does not produce numerical oscillations. The Lax-Wendroff and
Beam-Warming schemes are not monotone and do give oscillating solutions. Moreover,
generally, no scheme of order higher than one can be monotone. Although monotonicity
guaranties non-oscillatory behavior of a scheme, it is too restrictive to be always enforced.
Therefore, other (less restrictive) schemes with higher order accuracy, still guaranteeing non-

oscillatory behavior of the approximation, are very often used in practice:

e monotonicity preserving: schemes transforming a monotonic function #" into a

. . +
monotonic function " .

e [, — contracting: time marching is done by an operator contracting in the discrete L,

+1
un

un

space, | . Sa| L,a<1
1 1

e Total Variation Diminishing (TVD): T V™" < TV(u"). The numerical total variation

oo

is defined as TV(u” ) = z

J=—oo

n n

u

Ujy—U;

e Essentially Non-Oscillating (ENO): TV(u™") < TV(u") +O(Ax"), where r indicates the
formal order of accuracy of the scheme.

e Total Variation Bounded (TVB): TH(u") < M< 0 for all n.
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4.2.4 Spurious solutions and conservative and consistent numerical schemes

Even if all the above-described conditions are satisfied, the numerical approximation does not
guarantee the convergence of the numerical solution to the exact solution. The numerical
solutions of hyperbolic equations may even converge to a fake but seemingly realistic
solution. The missing link in the list of conditions to be satisfied, in order to construct a
reliable numerical method, regards conservativeness and consistency of the method.

A finite-difference method is called conservative, if the flux derivative approximation can be

presented as

Y WU) FULUL e UL )=F (UL, UL, UL,

o T 9

for some numerical flux function F of p+¢+1 arguments. p and g determine the number of

nodes in the corresponding computational stencil. For example, if p = ¢ = 0 then only two
nodes are used in the approximation. If in addition F(U) = aU and a > 0, then (4.9) is the first
order upwind approximation (4.7) of the advection equation. The numerical conservativeness
means that like the differential equations, also the difference equations conserve quantities in
each numerical cell.

A finite-difference method is called consistent, if the numerical flux is equal to the exact flux

for a constant function U(¢,x) = U:

F(U,E,..., E):f(ﬁ) (4.10)
The importance of the conservativeness can be illustrated based on the solution of Burger’s
equation

a_“+i(lu2j 0 @.11)

ot odx\2

with the following boundary conditions

1.2 x<0
u0.x)=104 120

Numerical approximation is carried out with the following first order finite-difference

scheme
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n+l n n n

jo T U T
—u" =0 4.12
At T Ax (4.12)

Although the numerical solution correctly describes that the initial profile should travel to the
right, it fails to predict the correct speed with which the discontinuity should move, Figure
32. According to the Rankine-Hugoniot jump condition the speed of the moving discontinuity

should be

: T —1u,iﬂ Ly log
s=2 2 -2 2 -08
Upignt — Ugegy 1.2-04

and the discontinuity should be located atx=0.8 atz=1.

1 o
0.8 - Exact solution - o
0.6 - °
u
0.4 -
0.2 1 Numerical solution /o
0 - Co
0 0.2 0.4 0.6 0.8 1
X

Figure 32. Comparison of the exact and the numerical solution, calculated using a non-conservative method, to
Burger’s equation at £ =1 (At =0.01, Ax =0.02, CFL =0.5).

The failure of (4.12) to predict the correct propagation speed is due to its non-
conservativeness. Non-symmetry with respect to the left and right walls of the computational
cell in the approximation (4.12) induces a lower speed of the moving discontinuity in the
numerical solution.

The set of conditions listed above gives a guideline for a correct approximation of systems of
hyperbolic equations. Lax and Wendroff (1960) proved that if the numerical solution is
calculated by a conservative and consistent method, it will indeed approximate the exact
solution. The theorem, however, does not guarantee the convergence of the method.

In case of more complex systems including diffusion and reaction terms the behavior is more

complex. Therefore, a detailed investigation of the developed method for the solution of the
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wave model equations is required and the numerical solution should be carefully tested to

ensure success of the method.

4.3 The numerical method

In the following a comprehensive method for the solution of the general system of equations
(4.1) is developed and described. The method is based on the ENO scheme proposed by Shu
and Osher (1988, 1989). The scheme is adapted for the problems considered in this thesis by
incorporation of techniques for the treatment of the diffusive and source terms. The method
satisfies the criteria enumerated in the previous sections. It is relatively easy to extend the
scheme to multi-dimensions and to apply it on non-uniform computational meshes. The
superiority of the method over other widely used finite-difference schemes will be shown in

the derivation of the method and will be demonstrated for several test examples.

4.3.1 ENO scheme for a 1-D scalar equation

The ideas behind the Essentially Non-Oscillating (ENO) schemes are firstly described and

illustrated for a 1-D non-linear scalar equation

ou Jf (u)
22 4.13
ot  ox “-13)
The scheme will be extended to multidimensional systems in the following sections.
A one-dimensional computational cell is depicted in Figure 33 to demonstrate the adopted

definitions.
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cell center cell walls
Xi-1 Xi Xi+1
® | ® | ® -
Xi-1/2 Xi+ 12 Xi+3/2
N VAR )
' N
Ax; A+

Figure 33. Schematic description of an one-dimensional computational cell.

In Figure 33 x;.1, xi+1/2 are the cell walls of the i-th cell and x; is the cell center of cell “7”. By
o X. +Xx.
definition x, = % and Ax, =x,,,,,— X, -

In 1959, Godunov proposed a method to make use of the characteristic information enclosed

in the equation in the framework of conservative methods. According to his approach the

numerical solution u" is used to define a piecewise constant function " (x,t”) with the value

u; on the i-th grid cell. Function #" (x,t”) is used as an initial value for the conservation

equation, which can be solved exactly (as the Riemann problem) over a small interval (",

/1. The exact solution over the entire interval is constructed by piecing together these

Riemann solutions. After obtaining " (x,t”“) , u!

1

is approximated by averaging this exact

solution at time #**'

n+l
u, =

Axii J:t:l//z? i (x,t”“)dx (4.14)

These values are used to define a new piecewise constant function #"" (x,t””) and the

process is repeated again to march in time.
In practice this algorithm can be considerably simplified by observing that the cell average

(4.14) can be easily computed using the integral form of (4.13). Since u" is assumed to be

exact solution and @#" (x,t”) =u; over the interval (x..112, X;+12), integration of equation (4.13)

over a computational cell (x;.1/2, X;+1/2) X (¢, t4+1) glves

”inﬂ =u; _g[};;ﬂ/z (“n)_Fi—uz (”n)] (4.15)

1
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where

n 1 n+l ~n
Fan()=— [ 7 (8 (. 000) ) e
The resulting scheme is first order accurate. Higher order methods based on the Godunov

approach were developed by van Leer (1973, 1979). In the van Leer’s approach " (x,t”) is

constructed as a linear function of x and gives a second order accurate approximation. Third
order accurate approximations are achieved by using the Piecewise-Parabolic Method (PPM)
of Woodward and Colella (1981,1985) and the second order with Uniformly Non-Oscillatory
(UNO) method of Harten et al. (1986) and Harten and Osher (1987). The latter schemes
served as the basis for the development of ENO schemes.

UNO schemes can also be presented in form (4.15). Although (4.15) gives the relation

between the cell-averages u'"'and u, the evaluation of the fluxes F,,,(u) requires

knowledge of the solution itself. Hence, a reconstruction procedure is needed to recover point
values from cell averages to the required order of accuracy, which can be rather complicated,
especially in multi-dimensional problems. A proper reconstruction of function u or flux F(u)
at the cell faces from the cell averaged (or cell centered) value of u is the crucial step in the
construction of conservative difference schemes.

Significant improvements of the uniformly high-order accurate non-oscillatory technique
were achieved by Shu and Osher (1988, 1989) and resulted in the design of ENO type
schemes.

The idea of ENO schemes is to avoid using cell averages and to manipulate only with point

values of u. According to the approach, the numerical flux function F is defined as

af(“) E+1/2 _E‘A/z

SN R Ve Bk Vi3 4.16
ox | _ Ax, (416)
The spatially discretized analogue of (4.13) is given by
% F;‘+1/2_F;'—1/2 =0 (417)

ot Ax,

1

where £, ,are unknown values of the numerical flux function at the cell faces. Thus,

approximation of equation (4.13) boils down to the evaluation of the fluxes F,, from

1
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known cell-centered functions ;. To obtain a convenient algorithm for computing this flux

function an auxiliary function A(x) is implicitly defined through the relation
|
- (4.18)
flu(x)=5; J

Differentiation of (4.18) gives

o (u(®))| _ h(x+Ax12)—h(x-Ax, 12)
ox Ax,

1

which indicates that 4(x) is identical to the numerical flux function F at the cell walls, i.e.
Fopn=h(xu,)-

Calculation of A(x) directly from (4.18) for arbitrary f{u) is a complex task. Therefore, the
“reconstruction via primitive function” technique by Harten et al. (1986) is applied to obtain

the primitive function of /(x). The idea of the technique is the interpolation of the primitive

function

H(x)= [ h(&)dg (4.19)

with subsequent differentiation of (4.19) to obtain %(x). Notice that the lower limit —eo in

(4.19) is irrelevant and can be changed into any fixed grid point X, .

Function H(x) is interpolated by a polynomial in Newton’s form as follows:
Given the values of H;= H(x;), 0 <i <n, xo <x; <...£X,, a unique polynomial of n-th order

Ou(x) exists and can be constructed in the form
x)= ¢N,(x) (4.20)
i=0

Where

Nox) =1, Nilx) = (x —xo) (x—x1) ... x—x11),i=1,2, ..., n;
Cl = [HO; Hl; ceey Hl] = [Hl; I{i—l’ ceey HO])
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[H,]=H,, i=0,1,...n (4.21)

H,H,,. H|-[H H,....H
[HO,HI,...,H]:[ o B = [Ho, o “], i=0,1,...n (4.22)
X, — X,

1

Since the zero order term in (4.20) vanishes when H(x) is differentiated, zero order divided

differences (4.21) are not needed. Higher order divided differences (4.22) are calculated

using the divided differences table for the flux function f (u (x)) and the relation

H(%,12)= f:mh(é:)dgz _Zl_: Eith(f)df: ZI: Ax, f (u;) (4.23)

fr=—oo

Indeed, due to (4.23) the relation

holds and, consequently, the divided differences table for H(x) can be calculated according to

[H171/2>H1+1/2] = [f(“z )]

1 (4.24)
[Hz—l/zaHm/za- . ’9Hl+k+l/2] =

m[f(“z)a-“af(unk)]
The objective is to interpolate H(x) in (x; x;1) by the n-th order polynomial in a non-

oscillatory way and then calculate A(x;+12) (or Fiv12) as H '(x[+1 /2). For example, if n = 2

H(x) is interpolated by cubic polynomial in each interval (x; x;;). Consequently, the function
h(x) is approximated by a parabola. Notice that the function interpolating H(x) over the entire
interval of interest may have discontinuities at the cell centers x;.

To interpolate A(x) in (x;, x; + 1) by a parabola, values of f{luy) fork=i—-2, i—1,i, i+ 1and
i + 2 are used. Depending on the characteristic direction the leading term in the interpolating
polynomial is taken either from point i or from i + 1. The coefficient of the second (linear)
term is calculated in a way that minimizes the slope of the constructed polynomial, i.e. of the
two possible slopes (f.,,—f)/(x,,—x,) and (f,—f_)/(x,—x_) the one with minimum

absolute value is selected. Similarly higher order terms of the polynomial are constructed by
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the selection of the coefficients with the minimum absolute value. This freedom in the choice
of polynomial’s coefficients allows the construction of polynomials with two important

features:

1. Index /in [H,,,,,H,,,,] is chosen in such a way that upwind direction is

given to the difference equation
2. Index / in higher order divided differences is chosen in such a way that

overshoots and undershoots are minimized

Following these guidelines a polynomial is constructed in ENO-fashion.

In Table 4.4 the algorithm of the construction of ENO scheme for 1-D scalar equation

(referred to as algorithm 1) is formally described. If in the algorithm / = 1 and the

9 ()
ou

characteristic velocity is positive then Fji 1, = f(u;) and Fi1, = fu;.1), i.e. the method is

reduced to the simple first order upwind scheme. For / = 3 (the case which is used in this

work) values f (qu) with k=-3,-2,...,2 are used to evaluate F;+1» and Fy 1 in case of a

positive characteristic velocity and k= -2, -1, ..., 3 if the characteristic velocity is negative. If
numerical values of the fluxes at the cell walls, Fi1» and Fi15, have been calculated the
semi-discrete equation (4.17) is solved by an ODE solver that does not spoil the non-
oscillatory nature of the spatial discretization. There are mainly two methods for the temporal
discretization.
The first method for the time discretization is based on Lax-Wendroff approach, i.e. the
u Ju Ju
ot oxor”

temporal derivatives etc. are replaced by spatial derivatives using relations

like
Ju _ a

o ox

Pu_ 3 f() () . (ou) L,
of o ax E(f (”)§j_ f(”)(gj Sl

and then the spatial derivatives are discretized. Many second order accurate methods use this

approach, e.g. Harten (1983), Harten et al. (1986), Harten and Osher (1987). The technique

is, however, complicated to implement in computer program, especially for systems with

source and/or diffusive terms or of higher dimension.
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Table 4.4. Algorithm 1, ENO discretization of convective fluxes in a scalar nonlinear equation.

Step | Action Ref.

1. Given f(u;) at the cell centers compute divided difference table of H(x)
according to (4.24)

2. Choose the first point of the interpolation according to the local sign of

S () at .

If = L) =T ) 5 (4.25)
U — U,
then KV=i else KV=i+1

3. Calculate the polynomial Q" (x)= [Hk“,_l/z,Hka/J(x - ka_l/z)
4. Inductively, if k“"and Q" (x) are both defined, then calculate

a® = [H H ] p? =[H H ]

G Th R A AC O B V5] D172 T T D 112

it a2, then  O=p?, KOk

else = a(l), JACISSACS)

5. Upgrade the polynomial to the /-th order (/ > 1)

411

4
Q(l)(x):Q(H)(x)-Fc(l) (x_xk—1/2)

P
6. 0,1, (x)=0"" (x). The scheme will be (++1)-th order accurate except

perhaps at isolated zeros of derivatives of the flux f{u(x)), where it can
degenerate to r-th order

7 Calculate the numerical flux as F,,, = diQm (%)
x

1

X=Xiv1/2
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Another way to discretize is to use Runge-Kutta type ODE solvers which retain TVD
properties of the scheme. An extensive discussion of TVD Runge-Kutta type solvers has been
given by Shu and Osher (1988). Second order accurate Heun’s method is used in the present
work for the temporal discretization of (4.17). Given the solution at time level », the solution

is advanced to the level n + 1 in two steps, given by

' (4.26)

The scheme allows CFL = 1, although in practical calculations it is usually taken in the range
0.5-0.7.

The described numerical scheme meets all the criteria listed in the preceding section. Indeed,
the CFL condition is satisfied by the choice of the time step Az. Upwinding is guaranteed by
step 2 in algorithm I (see Table 4.4). Stability of the method is assured by step 4 and (4.26).
Obviously, (4.16) has the form of (4.9) and is thus conservative. If the solution u is a
constant, the polynomial exactly reconstructs flux f(u), consequently, the scheme is

consistent.

Finally, it is worth noting that an important feature of the numerical methods for the solution
of hyperbolic PDE’s has been left out of discussion. The weak (non-differentiable) solution to
some hyperbolic systems is not unique and an additional condition is required to pick out the
physically relevant solution. The ENO scheme described above uses the so-called “Roe”
characteristic velocity of signal propagation (4.25) and allows simulation of wrong solutions
at sonic points, i.e. points where the characteristic velocity changes its sign. However, such
troubles are not expected to arise in problems of our interest, since in packed bed reactor
systems considered in this work no change in the fluid flow direction occurs. Nevertheless,
the so called “entropy corrections” eliminating possible simulation of non-physical solutions
are implemented in the code. For further discussion the interested reader is referred to e.g.
Shu and Osher (1989).

The advantages of the ENO method will be demonstrated using the advection equation
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Ju Ju
_+ e

o ox

Equation (4.27) is solved for two initial data functions:

0 (4.27)

a) smooth function u(0,x)=1+sin(47x) (4.28)

b) discontinuous function
37 (2x—-1)’
—(2x—1)sin[¥} 0<x <%

u(0,x)= sin (27 (2x-1)) %<x<§ 4.29)

2(2x—1)—1—%sin(3ﬁ(2x—1)) §<x<l

To eliminate the influence of boundaries the problem is considered in (-eo, +o0) and the initial
data are periodically extended outside the interval (0,1). The problems have been solved by
three methods: the first order upwind method, Monotone Upwind Schemes for Scalar
Conservation Laws (MUSCL) of van Leer (1979) and the third order ENO method described
above. As can be seen from the results shown in Figure 34 and Figure 35 the first order
upwind method introduces so much numerical diffusion and greatly flattens the profile. The
MUSCL method significantly reduces the numerical diffusion, but fails to correctly
approximate the solution at the extrema points. The ENO scheme is very well capable of
describing the solution.

In Appendix 4.C the implementation of algorithm I applied to the energy balance equation of

a one-dimensional diffusion type model is described.
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—— Exact

x  Upwind

a MUSCL

o ENO-3

Figure 34. Comparison of the numerical solutions of advection equation (4.27) by three different methods
compared with the exact solution (initial data are given by (4.28), CFL = 0.5, 40 grid points, ¢ = 1).

—— Exact

x  Upwind

a MUSCL

o ENO-3

Figure 35. Comparison of the numerical solutions of advection equation (4.27) by three different methods
compared with the exact solution (initial data are given by (4.29), CFL = 0.5, 100 grid points, ¢ = 1).

4.3.2 ENO scheme for system of 1-D equations

A special advantage of the above described ENO scheme is its relatively simple extension to
systems of equations in multi-dimensions. Such extension is discussed in this subsection on
the basis of the following system of N nonlinear equations:

o 3F(U)

=0 4.30
ot ox (4.30)
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The technique is based on the characteristic decomposition of (4.30). The system is split into
a number of “independent” equations, each equation is discretized by suitable upwind biased
numerical scheme and then the discretized equations are transformed back to a numerical

OF (U)
U

analogue of (4.30). Such a decomposition is possible only if the Jacobi matrix J =

can be transformed into a diagonal matrix, i.e. for every U there exist matrices Z, Z such that
ZIZ=AN", ZL=7Z=1, A* =diag(A™",1"2,...,1"") (4.31)

A*is a diagonal matrix with diagonal elements 1™,

If the system of equations is of the hyperbolic type the condition on Jacobi matrix is satisfied.

In this case multiplication of (4.30) by 7 yields

- ~dF(U) 4 ~ OF (U A .
79U 59 ( ):Z8U+Z8 ( )aU:Z8U+ZJaU:0
ot ox ot oU ox ot ox
or in terms of a new dependent variable vector-function V:
V=2U (4.32)

In terms of this new vector-function ¥, and assuming constant 7,7, system (4.30) can be

rewritten as

a_V+AX (V)a_V =
ot ox

System (4.33) consists of N independent equations. The sign of eigenvalue 1*' determines the

0 (4.33)

characteristic direction of the corresponding component of the vector-function V. Thus, the
system of equations (4.33) can be considered as a number of independent scalar equations,
which can be solved by the ENO technique as described in the previous section.

For a system of equations including diffusive and/or source terms

AU , IF(U) _3F,(U,VU)
ot ox ox

transformation to new variables V' is complicated since the diffusion and source terms should

+R(U) (4.34)

also be rewritten in terms of new variables. For this case the ENO technique combined with a
TVD Runge-Kutta solver provides an elegant way of solving the problem, since this method
does not require the replacement of temporal derivatives by spatial derivatives, which is
necessary in the differentiation of the original PDE using Lax-Wendroff type discretizations.
Such differentiation in the presence of diffusive and source terms would greatly complicate

the implementation of the method.
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In Table 4.5 the algorithm of the ENO scheme for a system of nonlinear equations (4.34) is
given (further will be referred to as algorithm II)

Table 4.5. Algorithm 11, ENO discretization of system of nonlinear equation, algorithm II.

Step Action
1. JF (U) - .
Calculate J,,,,, = U and Z,,,,,Z,,,,,,A},,, defined by (4.31) at the cell

wall i + %. Since U is known only at cell centers, J,,,,, is approximated by

J( Ui + Ui+1 .
2
2. Transform to the fluxes to the characteristic field via F*¥° = ZF
3. Construct the ENO fluxes function F*° in the characteristic field using

algorithm 1. For the k-th component V9 of the vector-function ¥ the flux is given

k 2 kyr(k
by £ [ 247

i+1/2

4. Recover the spatially discretized fluxes for the original variables via
ENO
Fopn=Fanli,

5. Discretize diffusive and source terms

The way diffusion and source terms are incorporated into the numerical method depends very
much on the problem at hand. Usually, due to restrictions on the time step implicit finite-
differences are used for the approximation of the diffusive terms. Furthermore, stiffness of
the source terms requires efficient solvers solving such problems. In terms of equation (4.34)

the procedure can be presented as
R L OIS

1

where A0 is the ENO flux reconstruction operator in the characteristic field. A”"" is the

diffusive terms approximation operator.
To demonstrated the capabilities of the described method a test example is taken from Xu et
al. (1997). The example represents the 1-D Euler equations for a reacting gas, where the

reaction extent is represented by the progress variable A.
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op  9(pu) _,

ot ox

d(pu) +a(p+pu2)
ot ox

%+a[(e+p)u]

ot ox

d(pA)  9(pud) -
—kp(1-A)e ?
5 T ke-A)e

=0

(4.36)

where p, p, u and e are the fluid density, pressure, velocity and total energy, respectively. The

ideal gas equation of state is modified to account for the heat release due to the chemical

reaction:

p:(j/—l)[e—%pu2 +,3p/”LJ

where [ is the heat release and y is the ratio of specific heats. The selected initial conditions

and numerical values for the parameters are given below.

1
v R SRR

k=42, E=10, =50,y = 1.4.
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Figure 36. Non-steady state solution of the 1-D Euler equations for reactive flow calculated using the developed
ENO algorithm II and describing the dynamics of the shock formation; ¢ is the dimensionless time.
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The dynamic behavior shown in Figure 36 revealed a perfect agreement with the results
reported by Xu et al. (1997). A gas-dynamic shock is formed with a smeared reaction front
behind. Due to the energy released by the chemical reaction the pressure behind the shock
continuously increases, creating a sooth hump, which eventually reaches the shock and forms
a detonation wave. The calculations were performed with 200 grid nodes and proved that the

ENO scheme can capture the shock and complex kinetics very well.

4.3.3 ENO scheme for a 2-D system of equations

Application of the ENO approach to multi-dimensional problems is a fundamental merit of
the technique. Extension of the presented ENO scheme to 2-D and 3-D problems is rather
straightforward and easy to implement. The following general system of equations in two
dimensions is considered:
U N dF(U) N aG(U) _ oF,(U,VU) N 20G,(U,VU)
ot ox dy ox dy
W)

+R(U) (4.37)

IG(U)
U

Assuming both Jacobi matrices J* = and J” =

to be diagonalizable, i.e. matrices Z, Z,Y and Y exist so that
ZIZ=A", ZL=7Z=1, A" =diag(A"',A"%,...,A"") (4.38)
YBY=A", YY=YY=I A’ =diag( A", A"7, . ,A"") (4.39)

algorithm II can be applied for the discretization of the convection terms in both spatial

directions. The spatially discretized system of equations which appears is

U, ZinaBns [ AV = 2o A, [ AV ]
ot Ax,
Y, 1A

i,j+1/2

+

y,ENO ».ENO

[A'VW}A; g,j_l/zAi,j—l/z [AYW] _ (4.40)

J

=AU+ A U+ R [Ui,j ]

i,j+1/2

where new dependent variables have been defined as ¥ =ZU and W =YU . Operators

ALY, and AZCN7 are the ENO flux reconstruction operators in the x and y directions

respectively, and A" and A" indicate approximation operators of the diffusive terms.
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The presented method has an additional merit, which makes its use for the solution of multi-
dimensional problems especially attractive. In contrast to other approaches, e.g. van Leer
(1973, 1979), Woodward and Colella (1981, 1985) and Harten and Osher (1987), the method
under consideration approximates the differential equations directly, rather than their integral
analogue. This allows the solution of the equations in terms of cell-center values instead of
cell-averaged values. Although this difference is not significant for one-dimensional
problems, it plays an important role for solution of 2-D and 3-D problems. Indeed, as can be
seen from (4.40), the approximation of convection terms is done in a dimension-independent
way, 1.e. the terms are disretized in each direction independently and then summed up in the
resulting numerical scheme.

The solution of the two-dimensional Burger’s equation

2 2
u,+ 2L =0
2 X 2 y

with discontinuous initial conditions

u, x>0,y>0

u,, x<0,y>0

0)=
u(x,y, ) u, x<0,y<0

u,, x>0,y<0

is used to demonstrated the capabilities of the developed method for the solution of 2-D
equations. The solution, given in Figure 37, includes rarefaction waves and contact

discontinuities, which are both very well resolved on a 80%80 uniform grid.
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Figure 37. Solution of the 2-D Burger’s equation for two different initial conditions: a) u;=—1, u, = 0.5, u; = —
0.2, Uy = 08, b) u = *1, Uy = -0.2, Uz = 08, Uy = 0.5.

4.3.4 Development of a numerical method to solve 1-D wave equations

The numerical technique designed in the preceding sections provides an effective tool for
solution of the 2-D wave model equations given in Table 4.3.

oU . oU U
A B =R 4.41
o A B RO (+41)

Matrices A, B of system (4.41) — that act as Jacobi matrices for the linear system — can be

decomposed into diagonal matrices:

IAZ=N", ZZ=1Z=1, N =diag(M. A .., Ao AL s AR A)
YBY =A", YY=YY=L A" =diag(kp kb, ..., kb ki k2, o k2K o KY)
The structure and elements of matrices A, B and data involved in the variable transformations
can be found in Appendix 4.A.
Since matrices A and B — and consequently also matrices Z, Z,Y,Y,A” and A'— are
constant, system (4.41) is equivalent to
o, I(AV) _o(AW)

+ +Y
ot 0z or

where new unknown variables have been defined as

= R(U) (4.42)
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V=2U, W=YU
Because vector-fluxes A*V and A“W are in the characteristic field, their derivatives can be

discretized in upwind ENO-fashion according to algorithms I and II. The procedure is
described subsequently.
Define an internal (lying in the interior of the domain of interest) two-dimensional i,j-th

computational cell (indicated by (i,/)), as depicted in Figure 38.

AI",'

A
s I

cell center

=32 \Q/z g2 3R

ij-1 ij+1
o

N

i+1/2

i-1/2 \

® i

i-3/2 cell walls

Figure 38. Two-dimensional internal computational cell.

Furthermore, denote the operators approximating axial and radial convection terms in the i,j-

th cell and at the n-th time level by D7/ and D}’ respectively:

The semi-discrete approximation of system (4.42) can then be written as

an J z,n r,n
—, -+ DLULDU=RU,) (4.43)
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Note that the spatial derivatives have been approximated at the n-th time level, where U, V'
and W are known. Thus, the scheme is “explicit” in this sense. However, the overall scheme
involves implicit discretization of the source (and, if present diffusive) terms and is,
generally, implicit. Obviously, explicit approximation of the convection terms greatly cuts
down strain on the computer resources as well as computational time. Usually, the
application of explicit methods leads to severe restrictions on the time step size because of
numerical stability concerns. In case of explicit discretization of the convection terms, the
restriction is set by the CFL condition, which is based on real physics and determines the
maximum time step size. This condition is, however, recommended to be satisfied for both
explicit and implicit schemes. Only in case of transient calculations when only the ultimate
steady-state solution is of interest, the CFL restriction on implicit schemes may be ignored,
which can greatly speed up the calculations. In this work the transient behavior of the packed
bed reactor is one of the subjects of investigation and an accurate transient resolution is
required, and the CFL condition must be obeyed even for implicit schemes. Since an implicit
discretization of the convection terms does not lead to a larger time step and the computer
resources and programming effort are significantly lower when using an explicit scheme,
explicit discretization of the convection terms is adopted here. The computational stencil for
the 3-order accurate ENO scheme was chosen according to Figure 39. Stencils for two other
cases — characteristic velocities are positive in one direction, and negative in another — are

depicted in Appendix 4.B.
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Figure 39. Computational stencils for 3-order ENO scheme.

4.3.5 Incorporation of boundary conditions

Point values U’ te LUl and U/

ity o Yisny o Ui o, with k;= 2 or 3 depending on the characteristic

kg 0
direction, are involved in the calculation of U,.’fj.l. The computational stencils depicted in

Figure 39 and in Appendix 4.B can only be used for the points in the interior of the
computational domain, i.e. for i = ky... N.—ky, j=ks... N,— ks where N, and N, are the
numbers of cells in axial and radial directions respectively. Near the boundaries of the
numerical mesh the method requires values from the outside of the computational domain.
The boundary conditions can be incorporated in the numerical method in different ways,
depending on the alignment between the boundary and the grid, see Figure 40. In type I grids
the boundary is aligned with the cell edge. Type I grids are common in finite-volume
methods and will be used for the approximation of the 2-D wave model equations. In type II

grids the boundary coincides with the cell center. Type II grids are often used in finite-

118



Convection terms

difference schemes and will be employed for the approximation of the 2-D diffusion type

model equations.

-1/2 1/2
i+1/2
— i1
] [ [
e
—
i-1/2
Type I: Cell wall coincides with the boundary
1/2
i+1/2
e
] i1
4 ( N °
e
—
i-1/2

Type II: Cell center coincides with the boundary

Figure 40. Two basic types of alignment between the position of the grid and the boundary.

In both cases there are three ways to treat the boundary conditions:
1) Adaptation of the numerical scheme near the boundaries so that no external points are
used
2) Extension of the conservation equations beyond the boundaries by introduction of
ghost cells

3) Hybrid approach as a combination of the first two.

In this work the boundaries are treated by adaptation of the numerical stencil. Adaptation is
done in two ways: either by switching to a lower order accurate approximation or by
retaining the higher order accuracy but sacrificing some of the ENO properties of the method.
For the sake of simplicity the treatment of the boundary conditions is described on the basis

of a 1-D problem, given by
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WU A% (4.44)
ot 0z

for which the semi-discrete ENO analogue can be represented as

an + Fon=Fin =0
ot

(4.45)

i

As before, N x N matrix A is supposed to be decomposable into a diagonal matrix
A=diag(A',A,...,A") by transformation ZJZ=A and ZZ=Z7ZZ=1, so that equation
(4.44) is equivalent to

a—V+Aa—V:O
ot 0z

with ¥ =ZU and its semi-discrete analogue represented by

aVi + (Dm/z _q)i—l/Z

=0
ot

The eigenvalues of A (or A, which are the same) are arranged in a such a way that first N*

eigenvalues are positive, the next N’ are equal to zero and the last N are negative.
Mathematically (and physically) well-posed boundary condition for this problem must satisfy
the following:

1. NT"conditions at the left boundary. Information given at the left boundary is passed by

the corresponding N components of V' (denoted by V") along the positive

characteristic direction, i.e. from the left to the right.
2. N conditions at the left boundary. Information given at the right boundary is passed

by the corresponding N~ components of V' (denoted by V™) along the negative

characteristic direction, i.e. from the right to the left.

3. N’ components of ¥ (denoted by V°) corresponding to the zero eigenvalues, do not

pass on the information and only evolve it in time.

Thus, there are N~ variables V'~ carrying information to the left boundary along the
incoming characteristics and N* variables V' carrying information along the outgoing
characteristics from the left wall. At the right boundary the picture is just opposite: N*

variables V" bring information to the right boundary, while N~ variables V'~ move
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information away from the right boundary. According to this mathematical structure
reflecting the physical processes, the “incoming” variables are calculated using data from the
interior, while the “outgoing” variables are calculated using values of the incoming variables

at the boundary and boundary relations.

For the 1-D wave model the number of differential equations is N = 2(M+1). It is worth to
note that the approach described in chapter 3 section 3.2. can also be applied to the wave
model equations, so that the system of equations can be described by M + 1 conservation

equations completed by M + 1 closure equations where M is the number of reactions. A pair
of eigenvalues A, and A’ (see Appendix 4.A) determines the heat transport and two
eigenvalues of order M A} and A’ are responsible for the material transport. Depending on
the particular packed bed system A7, 42 can be both positive and negative (see also Appendix

4.A). If both eigenvalues are positive then N* =2M and N~ =0, otherwise N" =M +1 and

N~ =M +1. For the sake of brevity only the second case will be described and only for the
treatment of the right boundary, since the left boundary can be treated in a completely similar

manner.

Figure 41. Computational grid near the right boundary.

According to the computational stencils, algorithms I and II can be directly applied to

construct numerical fluxes Fi1,, at the cell walls up to i = N — 3 (see also Figure 41). At cell

wall N, — 3/2 only the fluxes corresponding to V", namely @ ., can be calculated by

121



Chapter 4

algorithm I, whereas calculation of @), _,,, requires values of U, ,,, which are not available.

o
There are two options to calculate @, ; ,:
a) By decreasing the order of accuracy by one, i.e. switch to a 2-order ENO scheme at
this point.
b) By modifying step 5 of algorithm I for / = 3. Following this approach, an uncertainty

may arise in algorithm I in step 5 when / = 2. If ‘a(z)‘ > ‘b(z)‘, then there are no problems

with further implementation of the algorithm. However, otherwise K = N_—1 and
f (uNZH) is involved in the evaluation of ¢. In this case the problem is avoided by

omitting the 3" order correction of the flux, i.e. @ and b are not compared and s

set equal to b,

Implementation of the first option is straightforward. Decreasing the approximation order
tends to smear discontinuities and steep gradients, and may reduce the overall accuracy to the
second order. This occurs especially when a periodic solution is calculated, where the outlet
data is repeatedly passed through the inlet. Option b) may cause instabilities in the
approximation of the boundaries. It is strongly advocated to use the second option with
monitoring the “boundary stability” during the numerical experiment, and switching to a

lower order ENO scheme if of instabilities at the boundary appear.

Numerical fluxes @}, _,,, and @}, ,,, are approximated in a similar manner and consequently

the order of accuracy of ®} ,,and @ , drop by one and two, respectively, if option a) is
chosen. Otherwise, the flux correction at step 4 of algorithm I should be further moderated.
At the last cell wall @} ,,, —whichis Vy ., , multiplied by the corresponding eigenvalues —

is again calculated as described above, whereas @) ., ,is evaluated form N~ boundary

relations and the already calculated Vy ,, , .

This completes the construction of the numerical boundary conditions at the right wall for the
particular type of system with eigenvalues of different signs. If all the eigenvalues are of the
same sign, say positive, then the modification of the algorithm is applied for all components

of V,,, fori=N,-3/2, N, and N, +1/2. Values of V" at the left boundary can be directly

calculated from the boundary conditions.
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4.4 Mesh adaptation

A powerful numerical method based on equidistant computational grid was described in the
previous sections of this chapter. In the current section a mesh adaptation technique will be
developed. The technique extensively uses information obtained for ENO interpolation and
preserves all the beneficial properties of the ENO scheme. The mesh adaptation technique
will firstly be described for one-dimensional problems, and will then be extended to higher

dimensions.

4.4.1 One-dimensional mesh adaptation

Convection-diffusion-reaction systems investigated in the present work involve temperature
and concentration profiles with high gradients (fronts). Such fronts may emerge, move and
disappear. Although the method described in the previous sections is effective enough in
capturing such profiles, it may still suffer from the lack of efficiency. The size of the
computational cell in an equidistant mesh is dictated by the demand of a good resolution of
the sharpest parts of the solution. As a result, cells might be excessively small in regions
where the solution is smooth. Very often the region of steep profiles and discontinuities is
restricted to a very small part of the domain of interest, but yet a dense mesh is used
everywhere in the domain, thus the use of equidistance mesh may be very inefficient for this
type of problems. To improve the efficiency of the computation the mesh properties are
linked to the properties of the solution; namely, mesh nodes are concentrated in some regions
with large gradients, leaving less nodes for regions where the solution is smooth. Although,
the generation of a proper computational grid is sometimes considered as an ultimate remedy
for overcoming difficulties inherited in the numerical solution of PDE’s (see Thompson,
1985), the present work treats mesh adaptation as a tool designed to improve the efficiency of
the calculations. A balanced combination of an effective numerical method and a mesh
generation procedure is built to reliably and efficiently solve complicated partial differential

equations.

Adaptive methods can be classified into three groups: dynamic, static and hybrid, see Ramos
(1993). A dynamic (or moving) adaptation technique is based on the full coupling of the
PDE’s and differential equations determining the computational mesh density. The latter

equations are derived based on equidistribution (a given mesh function such as the arc length
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of the solution are equally distributed) or variational (transforms the variables to minimize
the speed of temporal variation of the solution) principles. Transformation of variables leads
to differentiation of the system of PDE’s with respect to spatial coordinates. The PDE’s and
mesh transformation equations are solved simultaneously. Moving grids are widely applied to
solve parabolic systems of equations, see e.g. Nakamura (1982), Bieterman and Babuska
(1985) and Carroll and Stewart (1995). Particularly related to the present work is the work of
Li and Petzold (1997), where the authors designed a moving grid strategy for an ENO
scheme. However, there are several disadvantages of the dynamic meshing approach. Firstly,
the differentiation of the original PDE’s changes the structure of the equations, which greatly
complicates the application of many discretization techniques (including the ENO schemes).
Secondly the number of equations is increased through the coupling between the original
PDE’s and the mesh transformation equation. Finally, difficulties may arise due to

overlapping of different computational cells caused by the variable transformation.

Static adaptation methods may be based on equidistribution principles, the magnitude of
truncation errors, variational principles etc. Grid points are moved only at discrete time
levels, although internal iterations may be performed to synchronize the solution of the
PDE’s and the distribution of the grid nodes. Static regridding does not optimize the grid
during the time stepping and, therefore, can be considered as “non-optimal” to certain extent.
Static mesh adaptation is usually applied to solve hyperbolic and parabolic systems. Very
often a coarse grid is “patched” by finer grides in the immediate vicinity of “suspicious”
points. The influence made by “patching” does not spread far from such a point. Merits of
this approach are described by Berger and Colella (1988), Trompert and Verwer (1991) and
Hornung and Trangenstein (1997). The advantage of “patching” is in its quasi-uniformity in
the sense that the coarse grid and each patches represent equidistant meshes. Discretization
on each such mesh avoids problems related to non-uniform mesh discretizations.
Acknowledging the capabilities and the elegance of this approach one should also mention
the difficulties associated with this technique. “Patching” assumes the creation of a hierarchy
of nested meshes to resolve steep gradients and discontinuities. Since the differential
equations are discretized on the meshes of different levels, the discretization is performed
repeatedly and is thus supposed to be computationally fairly cheap, which is not the case for
most of the advanced discretization techniques (including the ENO schemes). Finally, it

should be noted that the core of the “patching” techniques is in handling of different grids and
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data structures associated with them. Design of nested grids with complex interactions
between different mesh levels sets a significant strain on both computer recourses and the
code developer. Usually these kinds of methods are designed for a certain type of differential
equation systems and are not easy to adapt to other systems.

Based on the analysis of the merits and shortcomings of existing regridding techniques, the

following guidelines for mesh adaptation for ENO-type schemes have been set up.

1. It is assumed that discretization on an equidistant mesh is fairly accurate for the most
part of the computational domain. Additional grid points are inserted to achieve extra
(“subcell”) resolution in certain cells.

2. Cells with non-resolved profiles may appear and disappear. Their position is not
known a priori.

3. The technique should preserve the properties of the ENO scheme (higher order
accuracy, monotonicity, conservativeness, etc.).

4. The mesh adaptation technique should maximally exploit the data already computed
for the construction of ENO scheme.

5. The technique should be extendable to multi-dimensions.

6. The technique should be feasible from implementation point of view.

Using these guidelines, a mesh adaptation technique to enhance the performance of the
described ENO scheme was designed. The technique will be described on the basis of a
general 1-D equation
ou_or(v)
ot ox
where diffusion and source terms are lumped into operator G(U). The discrete analogue of

(4.46) is

+G(U) (4.46)

an — Fip=F +G. (U) (4.47)
ot Ax

i

where F;1 and Fj.1), are the numerical fluxes calculated at the cell walls in ENO fashion.
The developed mesh adaptation method can be related to static-regridding type. It uses an a

priori adapted mesh, i.e. the mesh is constructed before each time step is executed.
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The discretization is done on a coarse grid with N,,;, equally spaced nodes with cell size dx,,y.
Thus, Ny, is the minimum possible number of nodes and dx.x = 1/ Ny, 1s the maximum
possible cell size. Even if the redistribution of the grid points would indicate that cell size
could be increased up to dx; > dx,..y, the cell is not refined and dx; remains equal to dx,,y.

A monitor function M; is constructed on the coarse grid to indicate the smoothness of the
solution. Following Dorfi and Drury (1987) the monitor function is constructed as arc length

function

. 512 . . 512
w,=| 14 0¥ U 1+ z Yira =Y i=1..N
I dx  ox =1\ X172 ~ X2 ’ '

where N, indicates the actual number of grid nodes and N4 the number of equations. Based

on the equidistribution of the monitor function, series of 4; such as

hM, = const
z WM = i (4.48)
i=1
is calculated. Given 4;, a “mesh depth” index is assigned to every cell
Index[i]= max{round(%j, 1}
Then 27" _1 new nodes are inserted into i-th cell, i.e. the cell is subdivided into 21!

parts. For example, if index/[i] = 1 then the cell is not refined, if index/i] = 2 the cell is

splitted into two. Ultimately, a new non-uniform grid consisting of N, =) (2’””’”[” ~ 1) cells
i=1

. dx .
with length dx, =21TZ‘[“;]_1 is created.

The mesh constructed according to this procedure may have sharp changes in the size of
adjacent cells. Approximation on such meshes is often associated with a poor structure of the
resulting algebraic equations and leads to ill-conditioned matrices and/or slow Newton

iteration convergence properties. To avoid these problems the mesh is smoothened, namely,
the cell indices /ndex/[i] are modified in such a way that |Index[i +l]—1ndex[i]| <1, i.e. the
sizes of adjusted cells can not differ more then a factor of two.

The main characteristic of the proposed adaptation technique is the interpolation of the data

for new grid nodes from the old grid nodes, which is described subsequently, introducing the

following notations:
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coarse

e x”" isthe k-th node of the uniform coarse grid
e Index[k]’ is the k-th cell mesh depth index of the old grid

e Index[k] is the k-th cell mesh depth index of the new grid

coarse

o x? is the node of the old mesh coinciding with x5 (such point exists if the

k-th cell of the coarse grid is refined on the old mesh)

1 coarse

e x; is the node of the new mesh coinciding with x3{)5, a cell wall of the

coarse grid. Such point exists if the A-th cell of the coarse grid is refined on the

new mesh

For example, according to the mesh generation rules described above, there are 2”1 ]

coarse coarse

new nodes placed between x,”"° and x;°}, if Index/k] > 1 and no new grids are inserted if

Index[k] = 1. This and other details of the old and new non-uniform grids are illustrated in
Figure 42. Diagonal crosses represent inserted grid points of the second level, i.e. Index[k] =
1 where the original cell is divided into two. Diamonds and triangles represent nodes of the

third and forth levels respectively.

. old mesh . . .
xjizlndeex[k]o—z xj xj+1 o indeartsl 02
o I ®
[} [} [}
| 0_ | 0_ |
! Index[k] =2 : Index[k+1]"=3 :
i i i
[} [} [}
coarse coarse coarse
Xk k+1/2 K+l
I | I
| | |
1 1
i Index[k] =5 i Index[k+1] =4 i
I i I
/\ A \/ A AN A | /\ \/ /\ ®
—/N—(O— XK ¥ A Y,
: new mesh ! ! ! 1 x'
Fz/mm[k]lfz xi xi+1 xi+2 xi+3 [+21mlelc[k+l]172

Figure 42. Portray of the structures of the old and new grids.

The goal is now to interpolate U at the nodes and F at the cell walls of the new mesh from

known values of U at the nodes of the old mesh. Recall that in case of a uniform mesh, the

coarse coarse

ENO interpolation in the interval [xk s X ] is performed to evaluate the fluxes at cell

wall k£ + '. In the following the features of ENO construction are fully utilized in the
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interpolation. Firstly, it worth noting that to maintain the upwinding property of the method

only the characteristic vector-functions ¥ and corresponding flux-vector (AV) are

interpolated instead of the original vector-function U and flux-vector F. The following cases

are discriminated:

1. Index[k]° > Index[k]'. The values of both U on the new mesh nodes and F at the cell

walls are tracked down from the data on the old mesh.

2. Index[k]° = Index[k]' Values of U on the new mesh nodes are tracked down from the

data on the old mesh. F' is constructed according to ENO algorithm I and II (section

4.3.1,4.3.2).

3. Index[k]° < Index[k]', which is determines the most complicated case. Consider two

k+11'=Index[k+11°

neighboring nodes, j and j+1 of the old mesh. There are 2”1 —1 nodes

of the new mesh inserted between x) and x},,, which are denoted by x;, with /=1 ...
pmdextientl=mdextk+1 _ 1 The aim is to interpolate U (x,l) and F(xj,, /2) for all /. To this

end the following procedure is proposed.

Values of V(x) and (AV)(x) are:

0

e taken from the old mesh at x = x?, X=X,

e evaluated according to algorithm I with k" = j if x? <x<x?,,,
e cvaluated according to algorithm I with K = j+1if x?H 1, <X< x_?ﬂ
e the n-th components of vectors ¥ and (AV) are calculated at the cell wall

X= x_?ﬂ ,, by algorithm I with kY = j if the n-th eigenvalues of A are positive and

with £V = j + 1 otherwise. U and F are restored from V" and (AV).

This algorithm maintains the ENO properties of the overall scheme and maximally utilizes

the information available on the old mesh.

Finally, the mesh adaptation algorithm is summarized as algorithm III given in Table 4.6.
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Table 4.6. Algorithm 111, solution of 1-D equations using mesh adaptation.

Step Action

1. Given the values of U on the coarse grid at the old time level n, calculate and
assign a mesh depth index to each cell of the coarse grid

2. Based on the mesh depth indices construct the new grid

3. Given the mesh depth indices and the values of U on the old grid at the old time
level n interpolate the data for the new mesh

4. Advance in time using discretization methods approximating the convection
terms explicitly and approximating the diffusion and the source terms implicitly
5. Extract data to the coarse grid from the solution calculated at the time level n + 1
6. Consider the new grid at the level n+1 as an old grid at the level n by increase n

by 1, and go back to step 1

The benefit of the use of this mesh adaptation technique is illustrated with the solution of the

1-D Burger’s equation (4.11) with discontinuous initial data, given by

2, x<03
u(x0)=1," 203

The equidistant grid consist of 24 grid nodes. The adapted grid is constructed on a coarse
uniform grid consisting of 16 grid points, and 8 additional grid points automatically inserted
near the discontinuity. The results shown in Figure 43, demonstrate enormous improvement

in capturing discontinuity when applying the described mesh adaptation technique.

2 AAAAAAAAAAAA 2
A s ]

u 8 cal ¢ exact s ®1 numerical
14 numerca . 14 1 solution exact
solution solution ;
1.2 1 . 1.2 solution
11 L %0000000 1]
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1
a) X b) X

Figure 43. Numerical solutions of 1-D Burger’s equation: a) 24 points without grid adaptation; b) 24 points (16
basic points and 8 additional) with grid adaptation.
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4.4.2 Two-dimensional mesh adaptation

Application of mesh adaptation techniques are of special importance for two- and three-
dimensional problems. Good resolution of discontinuities and steep gradients usually require
very high grid density but only locally. Use of equidistant grid would then lead to excessively
high grid densities in large areas of the computational domain. In case of multi-dimensions,
the number of unnecessary grid points in each direction is multiplied by the number of grid
points in the other directions. Therefore, multidimensional problems mesh adaptation
techniques can significantly reduce the strain on computer resources and computational time.
However, multi-dimensional mesh adaptation techniques are much more difficult both to
design and to implement. Many grid adaptation techniques are designed for one-dimensional
problems and their extension to 2-D or 3-D systems is either impossible or very complicated.
Therefore, the possibility of reasonably easy extension of the grid adaptation method to 2-D
and 3-D problems was stated as an essential feature of the proposed adaptation technique.
The technique developed in the previous section is particularly suitable for the extension to
multi-dimensions. In the following the procedure for a 2-D mesh adaptation will be

described. The description is done on the basis of the following semi-discrete equations

U F+1/2,j - F G’,j+1/2 - Gi,_/—l/z

ij _ i i—1/2,j+ i

ot Ax. Ay

i J

(4.49)

Suppose that the solution is given on a coarse grid. Based on the solution, a 2-D depth index
is assigned to the each cell of the coarse grid. The indices are calculated by sweeping from i =
0 to i = N, for each fixed j and thus composing the mesh depth index matrix IndexX(i,j).
Similarly the index depth matrix /ndexY(i,j) is composed by sweeping in y-direction.
Three cases are discriminated and illustrated in Figure 44:
A. (i,j)-th cell (rectangle with walls passing through points A, B, C and D and drawn by
thicker solid lines is not refined, see Figure 44a
B. (i,j)-th cell is refined only in one direction. Figure 44b demonstrates the division of
the cell in the x-direction into two parts.

C. (ij)-th cell is refined in both x and y directions, Figure 44c.

130



Convection terms

In the first case Uj; at point O can be calculated, since the numerical fluxes are known at the
corresponding cell walls, i.e. F(U) is known at A and C and G(U) is known at B and D.

In case of refinement in only one direction (case B), the original cell with the center at O is
splitted into two cells with centers at O; and O,, see Figure 44b. Based on this geometrical

representation the finite-difference conservation equation can be written as follows

aU|01 _F|0_F|A+G|BI_G|DI
o 0.5Ax, Ay,

1

(4.50)

Since, U, F(U) and U, G(U) are known (or can be interpolated in ENO fashion using

€C Y
1

algorithm I and II) in each ”’j”-line and “i”-line respectively, then F |O and F | A are assumed

to be known and G|Bl and G|Dl should still be interpolated. Since G(U) is interpolated along

[
1

each “7”-line, the values of G(U) are assumed to be known at points P, B and Q;.The value

of G|Bl can then be interpolated in x-direction in ENO manner from the values of G|P1 , G|B

and G|Ql . Interpolation of the flux function G(U) at points D; is

done in a completely similar manner and thus equation (4.50) can be utilized. In a very
similar way the second cell with its center at O, is treated.

Finally, when the original cell (i,j) is refined in both directions (case C), the cell is splitted
into four cells with centers at O;, O,, O3 and Os. For the sake of better visualization only one
cell (with its center at O,) is depicted in the Figure 44c, the real picture would emerge if both
cells ABCD drawn in Figure 44d,e have been inserted in Figure 44c instead of cell ABCD.

Geometrically the finite-difference conservation law for cell the with center O; will read

8Uh:F%—Fh+Gh—dq wsh)
ot 0.5Ax, 0.5Ay, '
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“7”-lines

b)

a)

it+1
|
®

d)

¢

o fe

-——--A1--9

¢

Py
J -
R,

Figure 44. Schematic description of the 2-D mesh adaptation technique. Three cases are discriminated for each

cell (i,j): a) the cell is not refined, b) the cell is refined in x-direction only, ¢) combined with cells d) and e)

inserted in represent the cell refined in both directions.
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Again, since U, F(U) and U, G(U) are known (or can be interpolated in ENO fashion using

[
1

algorithm I and II) in each ”j”-line and “7”-line respectively, then F |O and F | A are assumed

to be known and G| s, and G| p, should still be interpolated.

To interpolate G|Bl , first G| o G|02 and G|Ql are interpolated in ENO fashion along

(135
1

corresponding “7”’-lines and then, using their values, G| s, 18 interpolated in ENO fashion in y-

direction. In a similar manner G|D1 is interpolated. This completes the calculation of all data

needed to apply (4.51). The ENO approximation in cells with centers O,, O3 and O4 is done
in a similar manner.The overall procedure for the mesh adaptation is summarized in
algorithm IV, Table 4.7:

The resulting adaptation procedure is basically carried out for each spatial direction
separately. The interaction between the directions occurs only at step 3 of the algorithm.
Finally, it is worth noting that it is very important for the implementation of the method to
have an efficient data storage structure, since each row and each column of the involved
matrices may have its unique size. Dynamic memory allocation is used here to save computer

resources.

Table 4.7. Algorithm 1V, Solution of 2-D problem using mesh adaptation.

Step Action
1. Calculate mesh index matrix for “/”’-lines, i.e. IndexX(i,j) for all i,j
2. Calculate mesh index matrix for “i”-lines, i.e. IndexY(i,j) for all i,j

3. Correlate IndexY and IndexX by increasing the mesh depth indexes of some cells.
This is done to cover case c¢), when new points like P; and Q; are introduced

4. Fix i and apply 1-D mesh adaptation and data recovery and interpolation
procedure for each “”-line

5. Apply (4.49) for each cell of the new mesh

The benefit of the mesh adaptation technique in multi-dimensions is demonstrated on basis of

the two-dimensional Burger’s equation

2 2
a_U:i U_ +i U_ (4.52)
ot dx\ 2 ) odyl 2
with initial condition
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U= (4.53)

2, x<0.3, y<0.3
1, otherwise

Figure 45a shows the solution at # = 0.2 calculated on an equidistant mesh with 21 cells in both
directions. Figure 45b shows the solution calculated on an adaptive mesh based on a coarse grid
with 16 nodes. Depending on the profile, the number of additionally inserted grid points at
different layers ranges from 0 to 8. The overall number of grid points is less then 21°.

Cross-sectional view of the solution surfaces at y = 0.25 is shown in Figure 20. The
comparison clearly demonstrates the superiority of the ENO scheme with the mesh adaptation

technique in capturing the discontinuity.

b)

Figure 45. Solution of 2-D Burger’s equation (4.52) with initial data (4.53) calculated on: a) uniform mesh with
21 grid points in both directions, b) non-uniform mesh with 16 basic points in both directions (overall grid
points at different layers range from 16 to 24); = 0.2.

0 0.2 0.4 0.6 0.8 1

Figure 46. Cross-sectional (y = 0.25) view of the solution of 2-D Burger’s equation (4.52) with initial data
(4.53) calculated on: a) uniform mesh with 21 grid points; b) non-uniform mesh with 16 basic points (24 overall
grid points); = 0.2.
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4.5 Summary and conclusions

A numerical scheme has been developed to solve the non-steady state wave and convection
dominated diffusion type packed bed reactor model equations. The emphasis was placed on
the approximations of the convection terms and their incorporation with the approximations
of the source and diffusion terms and the boundary conditions. It has been shown that
numerical scheme should incorporate such physical and mathematical properties of the model
as signal propagation speed and direction, conservativeness, monotonicity etc. Provided test
examples clearly demonstrated that disregard to these features results in inaccurate, unstable
or — what is the worst — seemingly accurate, but fake solutions.

The proposed numerical method is based on a third order accurate Essentially Non-
Oscillatory approximation of the convection terms. The scheme is first developed for a one-
dimensional scalar equation and then extended to systems of two-dimensional equations with
source and diffusion terms. Relative ease of extension is one of the merits of the proposed
method. To take the real physical properties of the system into account, discretization is
carried out using the local characteristic decomposition of the system at each grid point. For
multi-dimensional problems, the decomposition is done in each spatial direction separately.
The capabilities of the presented method stretch far beyond the solution of the packed bed

model equations, which has been demonstrated on the basis of several examples.

To achieve high accuracy the method uses 6 cells to approximate the flux function. This
results in a rather large computational stencil of the scheme and consequently in problems
with the treatment of the boundaries. A strategy is proposed to incorporate the boundary
conditions into the scheme. Firstly, the boundary conditions are rewritten in terms of
characteristic variables. Variables “bringing” information to a boundary and “taking”
information away from it are treated differently. Secondly, the computational stencil is
adapted near the boundaries. Due to the adaptation either ENO features of the discretization

are moderated or its order of accuracy is decreased.
Although the scheme is very efficient even on equidistant meshes, it has been further

optimized by incorporation of adaptive computational meshes. A special mesh adaptation

technique has been developed to reduce computer resources and computing time. The
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proposed method preserves all the beneficial properties of the ENO scheme. Furthermore, it
maximally exploits the data already calculated for the ENO interpolation of the flux functions
at cell walls. Another merit of the proposed grid refinement method is relative ease of its
extension to multi-dimensional problems. Algorithms for 1-D and 2-D mesh adaptation
techniques are presented. Calculations carried out on an equidistant mesh and on an adapted
mesh with a similar number of grid points clearly demonstrate the benefits of the application
of the mesh adaptation technique. The idea of the technique can be projected to other higher
order upwind conservative schemes, e.g MUSCL, UNO etc.

Finally, the numerical techniques described in the chapter have been implemented in
“PackSim” — a software package for mathematical modeling of packed bed wall cooled

catalytic reactors.

Appendix 4. A

In this appendix data related to the two considered models (2-D wave model and 2-D SDM

model) and their numerical solution are given

I. The two-dimensional non-steady state wave model

The system of equations composing the 2-D non-steady state pseudo-homogeneous wave

model is

T AT 9. 13(7,) &
(gpfcp’f+(1_8)pscp’s)§+uspfcpnga_ZJr;a—,f:Zl:(_AHi)Ri

(1-2,0(C Ty, +7, D g, W) D g OF

ot £ 0z “ 0z
¢ sy 9, . 0),, oT
(1=5,Q(C T, +1, S+, S ==,

ga—c+uya—c+aj’"2+la(rj’”’)=Ri
o0 " dz 0z r or

T a]an + Tmus a]mz — _D aC

" e 9z  “oz
(=2, P(C" T, +7, Loy Tt Do €
ot £ 0Oz or

or in dimensionless and more compact form

(=7, P(C".T")) . +
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8U+A8U+B8U =RU)
ot 0z or

Where

U = (T,C,jhzajmzajhr’jmr)T

Ay Ay 0 0 0 B,
A=A, A, 0| B=| 0 0 0
0 0 A, B, 0 0

A, , B,are square (M+1) x (M+1) matrices; M is the number of reactions.

K; ar
K a
A=A, = ‘ Ay = ‘
K. L ac
b by
b b;.
Ay = ¢ ) Ay = ¢
b: i b
K; ar
K’
B, = ¢ > B, = e
K, ac

RWU)=[f(C.T) f(CT), fros s fovs fon ]
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Logz = D Lo Dhribr:l
ufTth’C £

(1-¢) L ¥

~AHR),
gp./'cp,f +(1_8)pscp,s Tg)us i:1( l l)

fT(C’T):

-f;’lz = _[I_ThQ(CﬁT)]T%tha

S

-f;’lr = _[I_ThQ(CﬁT)]T%J}W’

s

YY=YY =1
YBY = A’

77.=277=1
ZAZ = A°

AZ :diag(ﬂ;a/léa R /,Léa ;{1%’/123 HR] /’téa/léa R /13‘)
N =diag (ky kg, ..., ks b kG o kEK L K

2
B KT+b;+\/(KT—b;) +4K,a:

1

L .
fmz = _[I_TWIP(C’T)]_sz
Tu,

L .
fmr :_[I_TmP(C’T)]_.]mr
Tu,

2
2:KT+b;—\/(KT—b;) +4K,.d:

>

2

2
12 _ KC +bC _\/(KC _bC) +4Kcac

2
2
1 Kc+bg+\/(KC—bg) +4K a’
= 2 R c
A =bp, Ao=b;
Z, Z, 0 7, Zp
2=\1, Z, 0 | Z=|Z» Zo»
0 0 Z, 0 0

138

2

0
733



Convection terms

7 =

7> =

Z,=A,=A,,

_KT"'ATl
K (;L;r _/1;)

A

Kc _ﬂé

Kc (ﬂ'ct _lc_)

K.+ A

Kc (lg _lg)

K (lg_ﬂg) i

Kc(lg_lg) )

Kc _ﬂ'cz“

K.+ A

/lé_Kc

139



Chapter 4

K,
KT(A;_A;)
K
Zio=-7»= K (/1; _/15)
K.
L Kc(/lg_/%)
1/ A
~ 1/
733 = ¢
1/ 2
Y, 0 Y, §11 0 ?13
Y={0 I 0| Y={0 I 0
Y, 0 Y, ?31 0 ?33
. _
R
~K,
Y, =Y;= "
AKC
L R[ a
K K
k! K
Y31_ ¢ . , Y33: c
ke k.

140




Convection terms

e _
K (k; —ky)
—ké
Y = Ké(kfr —ké)
_klc
i K. (ke ~k¢) |
_ e _
K; (k; —ky)
ke
Y= Kf:(kf: —ké)
ke
_ Ko(k—k) |

_ P _
K (ki —ky)
L _ Ke
-Yis=Yu= K (k<3r _klc)
K¢
i K (ke —ke) |
k; :£ KTler sz :O’ k13" — _£ KTler

2.0 2
R\ pse, uT R\ pse, uT

141



Chapter 4

I1. A two-dimensional non-steady state SDM

A 2-D non-steady state SDM describing heat and mass transport phenomena in packed bed

reactor is given by:

£ 9 +u o, _D, i( ai] =-R.(C.T)
oz ~dz r or\_ or
oT oT A, o oT
&pic, a—Z‘FuSprp g— , g(l"a—rj = RT(C,T)
2
W, A% _p 2 Y —Drli(ra—uj =R(U)
ot 0z 0z ror\  or
With
KT
C,T K
U:(T,C)T, R(U):[fT( )]’ A= ¢
fe(C,T)
KC
[ d K, | [d KL )
Peth Pehrth
dec dPKCL
D. = Pe, L , D, = Pe, R’
deC dPKCL
i Pe, L | i Pe, R} |
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Appendix 4. B

Computational stencils for 3-D order ENO scheme
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a) positive characteristic velocity in r-direction and negative characteristic
velocity in z-direction.
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b) negative characteristic velocity in r-direction and positive characteristic
velocity in z-direction.
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Appendix 4. C

Application of the ENO method to the energy balance equation of the 1-D non-
steady state pseudo-homogeneous SDM

To demonstrate the implementation of the ENO method the 1-D energy balance equation,
given by

d K, 9*
O AT 4K 0T
ot dz Pe, L oz

= f;(T,C)+K, (T,-T) (4.54)

is discretized. The discrete equations are

Tn+1 _T}’l Tn _Tn d K
i i +KT i+1/2 i-1/2 _ “p T (ciT;:l—-li-l_i_biT;nH_i_aiT;:i—l)

At Az, Pe, L (4.55)
— fT (ZnHaC[nH)—i_KW (TW _];nJrl)

2 2 2
where a, = , b =— , a; =
AZ[ (AZt + AZifl) AZiAZifl AZ[*I (AZt + AZ[*] )

Interpolation of 7)},,, in ENO fashion is carried out according to algorithm I presented in

Table 4.3:

K
1) [Hl—l/27Hl+1/2"" H, ]:_T[Tz T, T, ]

> I+k+1/2 k+1 s L4190 Ltk
2) ai+1p = Kr> 0 and, therefore, KD =

n d n
3) 0V (z)=K,T, (z-z.,,) and FO(z) = EQ(I) (zi12) = K7 T,

1

Therefore, if the value F"(z,,,) is used in (4.55) then the convection term

approximation is first order accurate.

4) For second order approximation Q”(z) is calculated according to steps 4 and 5 of

algorithm 1, Table 4.4:
n n n n n n
L -1 |1 =T |1 -1
= Zin T Zim T E ‘ ‘ Zi—Zia ‘
T"-T" .
=L otherwise
Zi—Zin

1
Q(Z) (Z) = Q(l) (Z) +5KTC(2) (Z_Zi—l/z)(Z_ZHl/Z)
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d |
F? (Zi+1/2 ) = ZQ(Z) (Zi+1/2) =K, T, +5KTC(2) (Zi+1/2 - Zi—1/2)

and, depending on the selected argument in the min function, X’ is set either to i or to i +
1. Discretization based on numerical flux F®(z,,,) gives a 2-nd order accurate
approximation to the convection term. To obtain a third order approximation, steps 4 and

5 of algorithm I are repeated once again:

k¥ is determined as

(2) . n n n n n n
o KO\ T T ] 2| [T T T ]
k®,  otherwise
n n n n
3) _ lK Zk<3>+2 - Zk‘3)+l Zk<3)+1 - ka
c = 3 T
k014 TE

(3) _ .3 _ _ _
Q (Z)_C (Z Zk<2’—1/z)(z Zk‘2>+1/2)(z Zk<2’+3/2)

d

3) _ 3) _ .3
F (Zi+l/2 ) = EQ (Zm/z ) =c (Zm/z ~Z, ) (Zm/z ~Z,0,1, ) +

(3) _ _ (3) _ _
c (Zi+1/2 Zk(z),l/z)(ZiJrl/Z Zk<2)+3/2)+c (Zi+l/2 Zk<2)+1/2)(zi+1/2 Zk(2)+3/2)

Numerical flux calculated according to F¥(z,,,,,) gives a third order approximation to the

convection terms. A higher order interpolation would require polynomials O, 0%, ... etc.
Construction of high order numerical fluxes requires extra storage capacity and increases
computation time. Since in these very high order schemes very large computational stencils
are employed, problems of the approximation of boundary conditions are expected (see
section 4.3.5).

After discretization of the convection terms by ENO method, equations (4.55) are reduced to
a system of nonlinear equations, which can be solved by a nonlinear algebraic equations
solver. Modified Newton iterations combined with the “sweeping” method described in

section 3.4 are used in this work.
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Finally note that our codes use two-step Heun’s method (see, section 4.3.1) is used instead of
(4.55). First, system (4.55) is solved as described, and then the calculated solution is

upgraded using the correcting formula (see section 4.3.1).
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The wave model.

Experimental validation and comparison with the SDM




Chapter 5

Abstract

I this chapter the wave model is investigated. The capabilities of the wave model have been
tested on the basis of three industrially important reactions: 1) partial oxidation of methanol
to formaldehyde; 2) synthesis of vinyl acetate from acetic acid and acetylene and 3)
methanation of carbon dioxide. The predictions of the wave model have been compared with
the predictions of the SDM and experimental data. In case of moderate reaction rates very
good agreement was found between the predictions of both models and the experimental
data. In case of highly exothermic reactions with steep temperature and concentration pofiles
the SDM fails to describe the experimental data, whereas the wave model gives a good

agreement with the experiments.
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5.1 Introduction

General continuum models of packed bed reactors are based on the material and energy

conservation equations for the bulk of the fluid:

oC  oC 9j,. 109(j,) s
e o~ mz 4 mrl - C:-C 5.1
T e g k(O =C) -1

oT oT dj,. 19(ry g
gpfcp,fg—i_uspfcpg'i'%"';%:h/av (T‘ —T) (5.2)

and balance equations for the solid phase. System (5.1) and (5.2) is underdetermined and

additional equations are required to relate the mass and heat dispersion fluxes j ., j. ., Jj.
and j, to the temperature and concentrations. Until recently continuum models have been

mostly associated with the standard dispersion models (SDM). According to this approach,
the mass and heat dispersion fluxes superimposed on the transport by the averaged fluid flow,
can be represented in a form similar to the Fick’s law of diffusion and Fourier’s law of heat

conduction, i.e.

oC oC
| =-D_—=, j =-D —— 33
J mz ez aZ > J mr er al" ( )
oT oT
= =y 2 5.4
.] hz ez aZ s ] mr er al" ( )

A, and A, are used instead of molecular

Effective dispersion coefficients D,_, D, , A
transport parameters. Boundary conditions for system (5.1)-(5.4) are discussed in chapter 2
and given by (2.13), (2.14) and (2.21). The approach has been widely used for the
investigation of packed bed reactors. A variety of different diffusion-based models have been
described in Chapter 2. The capabilities of the diffusion-type models are well recognized.
They were reported to be capable of describing transport phenomena in packed bed reactors
in many cases; see, e.g. Dixon et al. (1978), Paterson and Carberry (1983), Gunn (1987) and
Valstar et al. (1974). However, a rigorous justification of the application of the SDM

approach to packed bed reactor systems has never been presented. Dankwerts (1953), who
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first adapted the methodology to describe axial mass dispersion packed bed reactors, clearly
distinguished its conceptual limitations. Only for sufficiently slow spatial and temporal
variation of the transported quantities equations (5.3) and (5.4) can be derived, e.g. by the
method of volume averaging (Carbonell and Whitaker, 1983 and Levec and Carbonell, 1985).
However, the condition of slow process requires very large d/d, ratio and are violated by
most packed bed wall-cooled reactor systems. There is also experimental evidence that has
not been explained by the diffusion-type models. Moreover, the predictions by diffusion-type
models sometimes qualitatively contradict the experimental data. For example, Schwedock et
al. (1989) demonstrated the impossibility to match the experimental data from experiments
with reaction using parameters obtained in non-reactive experiments. They found that it was
necessary to allow the radial Peclet number to be a function of temperature in order to
achieve agreement between the SDM predictions and the experimental data. Comprehensive
experimental studies of Schouten et al. (1994) showed systematic deviations between the
theoretical results and experimental data for a wall-cooled packed bed reactor, when transport
and kinetics parameters are measured independently.

Furthermore, the diffusion-type models also contradict the experiment of Hiby (1963) and
Benneker et al. (2002). In the latter experiments, a tracer was continuously injected from a
point source into a liquid flowing through the two-dimensional packed bed. The region where
the tracer is visible corresponds to a certain concentration of the tracer in the liquid (see
Figure 47). Since molecular diffusion could be neglected in this case of fast flow, the tracer
remained confined in a parabolic envelope and virtually no backmixing occurred. The
observed behavior cannot be described when using the Fick’s law, since model (5.1)-(5.4)
implies an infinite signal propagation speed and, therefore, allows material spreading over
entire reactor. This also means that the model predicts propagation of the tracer upstream.

However the observed profiles can be perfectly explained by the wave model (see Figure 47).
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Figure 47.Tracer propagation in a liquid flowing through a two-dimensional packed bed compared to the
predictions of the SDM (solid line) and the wave model (dotted line). In contrast to the experimental observation
and the wave model the SDM predicts strong backmixing, Re = 150, d, = Tmm.

It should, however, be noted that starting from a certain distance from the injection point the

two models give very similar results.

To overcome some of the shortcomings of the classical diffusion-type models, a new, wave
approach has been proposed by Westerterp et al. (1995, 1996) and Kronberg et al. (1998).
The methodology was applied to packed bed reactor systems by Kronberg and Westerterp
(1999). Based on the available experimental observations, see, e.g. Eigenberger (1972a) and
Kirillov et al. (1972) the authors consider the dispersion as arising from the chaotic nature of

the velocity field on a pellet level, see Figure 48.
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Figure 48. Schematic flow pattern in packed bed: a) side view; b) cross sectional view.

Fluid streams having different temperatures and concentrations blend and separate due to the
presence of the packing. This leads to material and heat dispersion. The presence of fluid
streams having different temperature and concentration (on a pellet scale) is interpreted as a
local thermal and material nonequilibrium. The process is considered in a way similar to the
Grad’s approach (1958) in the kinetic theory of gases. The analogue of the collision integral
is approximated by the introduction of the relaxation time(s) 7, (7,), which indicates the time
required for equalization of concentrations (enthalpies) of different streams. The application

of the approach to packed bed systems leads to closure equations for (5.1) and (5.2):

(I_TmP(CA’TA))]mz +Tm aJMZ +Tm ﬂaji:—Deza_C

ot £ oz oz (5 5)
-7, P(C*,T° +7, 4T, S =D —
(-7,P( W+, 24T, 220 s
(A=2,0(C" T, +7, Dy g, (a0 D 5 OT

ot & oz Jz (5 6)
(-7,00C", 1), +7, D g B o -y OT

ot £ oz o

Functions P(C,T) and Q(C,T) are determined by the kinetics of the reaction and indicate the

sensitivity of the reaction rate with respect to temperature and concentration variations

dR.(C*,T°)/9C"
k,—R.(C*,T*)/oC"

P(C',T")=k,a,
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h,a, OR,(C'.T*)/0T"*
0(C',T")=— —
piCys h, =R, (C°.T*)/0T°

Compared to the conventional equations (5.3) and (5.4) equations (5.5) and (5.6) contain
several new terms. Their appearance and physical meaning follow from the derivation of the
model equations. To clarify this, a simple derivation of the wave model is given in Appendix
5.A. The details of the derivation can be found in Kronberg and Westerterp (1999).

Equations (5.5) and (5.6) neglect the interaction between heat and mass transfer processes. In

the complete wave model, terms depending on glg need also to be included in Q(C*,T*)

. R . . . .
and terms depending on ch* in P(C*,T"). However, it is expected that these interactions

will not change the main properties of the model significantly and are, therefore, omitted
here.

Parameter u, characterizes the asymmetry of the fluctuating velocities in the axial direction.
It is expected, however, that u, is of minor importance for the overall model performance and
will also be omitted in the further considerations.

According to the wave model, mass and heat dispersion fluxes are not dictated by the space
variation of transported quantities as in SDM, see equations (5.3) and (5.4). The fluxes are
additional state variables determined by the local conditions at the pellet scale. This is a
fundamental difference between the wave model and the SDM. The SDM does not consider
the phenomena on the pellet scale and uses only some averaged temperature and
concentrations, but not their local (pellet scale) distributions. Equations (5.1) and (5.2)
together with (5.5) and (5.6) form a hyperbolic system of equations, describing heat and mass
transport in a packed bed reactor. Hyperbolic equations require boundary conditions different
from those used in diffusion-type models. The boundary conditions follow directly from the
derivation of the model and from the definition of the new independent variables, see
Appendix 5.A. The detailed derivation is given by Kronberg et al. (1998, 1999). If there is no
mass and heat propagation of mass and heat in the direction opposite to the fluid flow, the

boundary conditions at the inlet are:

ZZOZT:]—E), C:COD jmz:jmzo’ jhz:thO (57)
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and no conditions at the outlet are required.

The inlet dispersion fluxes j _and j, can be found if the local temperatures, concentrations

and velocity are known. For uniform initial temperature and concentrations over the fluid
streams all inlet dispersion fluxes are equal to zero. Absence of the outlet boundary
conditions is one of the fundamental differences of the wave model compared to the SDM
accounting for axial dispersion.

If there is mass or heat backmixing then the sections before and after the reactor must also be
considered and boundary conditions at the outlet are also required. Conditions characterizing
the presence of backmixing and back heat propagation are discussed in more detail by
Kronberg and Westerterp (1999). Visualization experiments by Hiby (1963) and Benneker et
al. (1997, 2002) and optical measurements by Stephenson and Stewart (1986) demonstrated
that mass propagation against the flow can nearly always be neglected. Propagation of heat
against the flow is more complicated phenomenon, since heat transport via the solid-fluid-

solid path can play a role. At the tube wall the boundary conditions are

d, . .
r:?t:.]mr:o’ ‘]hr:aw(T_ﬂv) (58)

Although equations (5.8) resemble the boundary conditions for the SDM, they are, actually,
different. Firstly, the fluxes in (5.8) are not determined by the simple gradient laws.
Secondly, heat transfer coefficient ¢, has different meaning. It includes a term related to real
heat transfer resistance near the wall 1/h, and an additional term related to an apparent

resistance to heat transfer due to the thermal nonequilibrium state of the fluid:

-1
o, =| ——+ 1 (5.9)
&, Vooh,

Thermal nonequilibrium state of the fluid implies fluid flow streams (waves) moving in
different directions, e.g. to and from the wall (see, Figure 48b), and having different
temperatures. Only the waves moving from the boundary can “know” about the conditions at
the boundary. The waves moving to the boundary are influenced by the boundary only via
material and heat exchange with the waves moving from the boundary. This means that in the
case of no heat transfer resistance near the wall, the temperature of the streams moving from

the wall is Ty, and the boundary condition is given by
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Jw=8psc, V(T-T, )
Whereas according to the SDM the boundary condition would be

T=Ty
Parameter V in equation (5.9) is a characteristic velocity of the chaotic fluid streams moving
perpendicular to the main flow. From the available experimental data on tracer propagation

inside packed beds it was estimated as V = 35
&

(Kronberg and Westerterp, 1999). The

significance of the apparent, nonequilibrium heat transfer resistance can be estimated by the

w

&pc,, fV

Westerterp, 1999).

ratio

, which increases with decreasing Reynolds number of the fluid (Kronberg and

The wave (hyperbolic) model differs principally from the standard dispersion model. The
wave model avoids physical inconsistencies inherent to diffusion-type (parabolic) models. It
does not predict infinite signal propagation speed and backmixing. The model explains the
temperature scatter observed experimentally, see, e.g. Dixon et al. (1978) and Schouten and
Westerterp (1996), by nonequilibrium effects in the moving fluid. The temperature drop
observed near the wall is also interpreted as a result of the interaction of different temperature
waves moving to and from the wall.

Based on the ideas of the “wave” approach differences between the wave and diffusion-type
models are expected to be particularly notable in case of fast processes, transient operation
regimes and low tube to particle diameter ratios. In the next sections predictions of the wave
model are compared to available experimental data and predictions of the standard dispersion
models. The influence of reactor parameters and operation conditions on the differences

between the models is investigated.

5.2 Comparison of the wave model and the SDM with experimental data

In this section the predictions of the wave model and SDM are compared to experimental
data for three processes of practical importance: 1) partial oxidation of methanol to
formaldehyde, 2) synthesis of vinyl acetate from acetic acid and acetylene; and 3)

methanation of carbon dioxide. The first process is a highly exothermic process with a large
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variations of temperature and concentrations in the reactor. The maximum temperature rise in
the reactor at considered operating conditions reaches value of 150 °C. The second process
(when carried out at operating conditions considered in this work) reveals rather smooth
temperature and concentration profiles. These two cases are chosen for the verification of the
predictions of the two-dimensional steady state wave model and SDM. The last process
(again when carried out at the particular conditions considered here) represents a system of
moderate intensity. The adiabatic temperature rise in the reactor is 50-60 °C. Predictions of
the dynamic one-dimensional wave model and SDM are compared on the basis of this

process.

5.2.1 Two-dimensional steady state models

To outline the differences in PDEs describing the wave model and the SDM, equations (5.1)-

(5.6) are simplified to the 2-D steady state pseudo-homogeneous models without axial

dispersion:
u, S+ 2 ) _p (1)
Iz r r
, 5.10
upe, L4190 _ 5 ny g (7.0) >
I 9z or - mr
(-2, /(T +7, Lo —p, 9
. o s1h
s s . ug‘ ”
(1-7,0(C",T"))j, +7, =2 ==, <=
- E aZ al"

For the sake of clearness of the comparison, the apparent wall heat transfer resistance due to
the local thermal nonequilibrium state is ignored here, i.e. &, = h,, see (5.9). Therefore, the
formal differences between the SDM and the wave model are due to the underlined terms in

(5.11). It should be noted that, setting the relaxation times 7, =0 and 7, =0 in the wave

model does not yield the SDM, since both dispersion coefficients of the wave model are
proportional to the corresponding relaxation times, see Kronberg and Westerterp (1999).
Nevertheless, the underlined terms in (5.11) approach zero under the asymptotic condition of
very slowly changing temperature and concentration fields and associated dispersion fluxes.
Therefore, in this case the solutions of the wave model and SDM are essentially the same, see

Kronberg and Westerterp (1999). Accordingly, one can use existing data for the asymptotic
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radial and axial Peclet numbers for calculations using the wave model equations, even though

they were reported for the diffusion model.

Relaxation times 7, =0 and 7, =0 can be determined fro